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Abstract — We are developing two methods of integration for the S transport
equation in X-Y geometry, methods based on projector technique. By cellularization
of the phase space and by choosing a finite basis of orthonormal functions, which
characterize the angular flux, the non-selfadjoint transport equation is reduced to a
cellular automata. This automata is completely described by the transition Matrix T.
Within this paper two distinct methods of projection are described. One of them uses
transversal integration technique. As an alternative to this we apply the method of
the projectors for the integral S, transport equation. We show that the constant
spatial approximation of the integral S transport equation does not lead to negative
fluxes. One of the problems with projector method, respectively the appearance of
numerical instability for small intervals, is solved by the Padé representation of the
elements for Matrix T. Numerical tests here presented compare the numerical
performances of the algorithms obtained through the two projection methods. The

Padé representations was also taken into account for these two algorithm types.

| Introduction
The discretisation methods of the non-selfadjoint S_ transport equation in x-y geometry is based
on cellularisation of the phase space. Preliminary operations are to choose a regular network of
rectangles, which are homogeneous, as well as to choose a set of discrete ordinates. The main
problems that may occur for the numerical algorithms based on projector method are: negative flux's
appearance, ray effect, spatial oscillations and numerical instabilities that appear for small space

intervals (the void case). The negative fluxes appear not only in the case of the DD diamond difference
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schema but also in that of nodal S transport algorithms. The analysis of this problem for the nodal

algorithms is difficult owing to that they are presented in an implicit form (Walters and O' Dell, 1982).

The purpose of this paper is to offer a mathematical procedure based on projection technique to
solve the S transport equation. In comparison with other treatment of the discretisation of the transport
equation, the method proposed here must be developed into two directions. One of them is known as
nodal and it is based on the transverse integral method (Walters and O' Dell, 1982). Another direction
consists in projecting the integral S, transport equation. The transport algorithms are mathematical
objects that can be compared. To describe the algorithm derived in this paper we use the cellular
automata formalism.

In Section Il we propose a symbolic method for the representation of the S transport
algorithms based on the projector method. At the basis of the representation is the notion of “cellular
automata”. To each cell of the phase space we associate a cellular automata. For a concise writing of
the algorithms we propose a symbolical notation, which will allow writing the formulas in a compact way.
We simplify the definition of the automata used in a previous paper (Hristea and Pavelescu, 1998").
Instead of the two matrixes, we shall use only one, called the transition Matrix T.

In Section Il we develop the projector method starting from the method of the transversal
integration. In this way we can generalize the nodal method (Walters and O' Dell, 1982) to another
spatial approximations. The principle to obtain the transition matrix consists in the multiplication of two
matrixes. Throughout this paper only two spatial approximations are discussed: the constant-constant
CC (constant on frontiers and constant inside the cell) and constant-linear CL (constant on frontiers and
linear inside the cell). We exemplify the calculus for the CL approximation in Appendix A. Since through
transversal integration a set of differential equations is obtained which is solved similarly to the
transport equation in slab geometry, the method is denoted in the following as Green transition matrix
method GTMM. During the analysis of the transition T matrix we find some interesting properties. We
respond to the problem of the appearance of the negative flux. We conclude that GTMM transition
matrix is not stochastic (Sinai, 1992) and consequently the negative flux may appear.

Another consequence comes from the Pade' [1/1] development of the spatial attenuation factors
that occur in the elements of T matrix for CC and CL approximations. We shall demonstrate through

calculations that in the case of Padé representation [1/1] the two spatial approximations are equivalent
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to the DD diamond difference schema. An extended analysis of the GTMM approximations is done

in a previous paper (Hristea, 1999).

The integration principle along the neutrons' direction may be respected quitting the transversal
integration method. In Section IV we propose the use of the integral S, transport equation for obtaining
the T transition matrix. This method of integration will be called throughout this paper ITMM (Integral
Transition Matrix Method). We shall develop only two approximations for this method: constant -
constant CC and constant - linear CL.

In the case of optical path tending to zero we can also apply for ITMM algorithms the diagonal
rational Padé development of the spatial attenuation factors. For this method the case of the streaming
of the neutrons in vacuum is separately treated. We have established an empirical limit for the diagonal
Pade' representation order of thdTMM linear algorithms.

The purpose of the numerical tests presented in Section V is the analysis of the numerical
performances of the GTMM and ITMM algorithms. For very thin intervals both ITMM and GTMM CL
algorithms fail to converge. For this reason we also tested the algorithms obtained through the Pade'
representation for ITMM and GTMM algorithms. We chose two distinct categories of benchmark
problems. The first contains a nearly voided region. The other benchmark is the Stepanek test problem.
We solve the fixed source as well as the eigenvalue problem. For the inner value problem the GTMM

CL scheme proves to be the best for reaching the reference eigenvalue.

Il The explicit representation of the schemes based on projector method

The projector method is simple from a mathematical point of view but the explicit writing of the
algorithms requires a clear way for the calculation representation. The basis for representing the
algorithms for numerical integration of the non-selfadjoint transport equation is the network of cell
automata. To simplify the notations and to compactly write the algorithms analyzed within this paper it
is necessary to non-ambiguously presenting the notions used.

The starting point is the discretisation of the Boltzmann equation in homogenous spatial cells. In
this paper we used the S, discrete ordinates angular approximation. The projector method is applied to

the transport equation both for its integral and differential form in each cell within the phase space.
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The geometry of the cell within the phase space along with the notations used from now on is

presented in Fig. 1. For each spatial cell we choose the coordinates system with its origin in the center

~

of the spatial interval, so the projections of the angular direction Q, on the two axes of coordination

are positive. In this way the coordinates system for the four octants changes correspondingly.
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The mono-energetic S transport equation normated on the total cross section both differential
and integral (Lewis and Miller Jr., 1984) is:

Sn(X,y)

(Hndx + Nndy *DPn(X,y) =
2

;
=dn(X,y), Wn(X y)zw;]ne—f +J.dr'Qn(F')e_r’ (1)
0

The scaling of the transport equation for the total cross section has as consequence the
decrease of the number of parameters on which the solution depends, but at the same time it requires
a separate treatment for the case in which section tends to zero.

From the integral form of the transport equation we notice that the solution is determined if we
know the angular flux at the incoming L and B frontiers as well as the source within the spatial cell (see
Figure 1). As we iterate on the scattering source, the guess flux is zero or it has a uniform positive
value and the incoming fluxes at the frontiers of the problem are zero. It is clearly intuitive that we can
associate a cell automata to each cell of the phase space for solving the non-autodjoint transport
equation. Numerical solution through projection requires the choosing of an approximation for the

fluxes at the borders and within the cell.
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For defining the function spaces we use Legendre orthonormal polynomial basis. We shall

associate a certain cell automata to each discrete ordinate as well as to each spatial cell (Hristea and
Pavelescu, 1998"). For each frontier we shall choose a system of coordinates whose orientation
coincides with the orientation of the axes within the cell

The generalization of nodal algorithms requires the introduction of a set of symbols through
which we can compactly write the calculation formulas for the algorithms based on the transversal

integration method. We shall define the following symbol set:

°+ un

" U (% Y) S S Un(Hay, V) =W s Yn(xFay)=gn "™ —Un(-a, )=t wn(x—ay)fwﬂ_ (2)

We define also the test function spaces that approximate the fluxes on the frontiers and the

duals whose basis vectors are transversal projection operators:
TV =gpan{|04),...,[L-14)}, T5D =span{|£ 0),..., [+ L-1}, U@ =7, %7, (0,
QL) =75 7L T = gpan{( 0),..., ¢ L -1}, TV = span{(0+],..., (L - 1]} 3)
k)= R, [£1) =R (), ( ——J’dyP (y)e, fi® ——J’de  (x)0
The polynomials F1(u) are orthonormal Legendre ones (Hristea and Pavelescu, 1998%). The

space of the states X" along with its dual have the following definition:

X (M) = span{| 00),....,[ 1)}, [if) = R ()P} (y), M =dimx ™), i Olwn) =an i
] 4)
X M) = span{(0o0),... (13}, (ij|=

1 ay ~ ay ~
dxR (x) | dyP; (y)
The above definitions of the cellular automata (Hristea and Pavelescu, 1998%) can be simplified

by considering the entrance and exit spaces: V® W® and the transition matrix T . The cell automata is

now a 3-uple:
P) WP P = (@) M WP = oD x5 1 = TR0
AnE(V( ,VV( ,Tn),\/( =y XX ,VV( :Q x X ’Tn=H‘RZ HP=2L+M (5)
n

lll Transversal integration method

Il A. Projection operator algebra - For the linear approximation the transversal integration
method is also called “nodal” (Walters and O' Dell, 1982). This method can be extended to higher
spatial approximations. The derivation formula follows a specific clear rule. The first operation consists

in the transversal projection along the x and respectively y directions of the transport equation (1). We
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can thus obtain a set of ordinary differential equations similar to the S transport equation in slab

geometry. Each of these equations is integrated through the GMM approximation (Hristea and
Pavelescu, 1998™).

The next step consists in projecting the transport equation (1) by the projection operators within
the dual space x“M). We shall obtain a set of algebraic equations that have as unknowns the spatial
moments of the flux. We generate a matrix equation and through solving it we obtain the transition
matrix.

The technique of applying the projection operators becomes very simple due to the Legendre

polynomials' recurrence properties:

DRy1(X) ~ DRy—1(X) = (2n+DRy(X), DRA{X) =v2m+1(,/2Am-1) +1R4(X) ++/2A M3 +1R, 5(X)+...) (6)
By applying the transversal projection operators to a function with x and y variables we get

taking into account notation (2):

L L
fr=fit DZfiin'), fi* DZfij
=y =

We apply the transversal projection operators to the transport equation (1). Taking into account

£ =f, (i

Y

“j) (7)

the recurrence relation (6) we obtain:
(* iloxwn =Dt Geloywy =Dyl
v _N2IFI] 1) - — .-
<° j|dywn = 2; [wnJ _wnj +(1+(_1)J l)wn _2(\/21 - nJ l_--)]1 (8)
y

T[w:‘r _wI[]_ + (1+ (_1)i+1)wr:- _ 2(\/2i—_1w|i1_1. _)]

(ieloxyn =

By applying the 2L transversal projection operators to the transport equation (1) we obtain:
a...
D) i) =4y -0 iloywi (a
... )
TnD YW Yy = ar palislownT (b
H...

The first step consists in finding the moments of the angular flux at the exit frontiers. We shall

obtain an algebraic system whose unknowns are the components of the [qJRUt]. These procedures can

be summarized introducing the projectors (+ilg, (i +|G. By applying these to transport operator we

obtain the spatial moment of the angular flux on the outgoing frontiers R and T.
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We add at these algebraic equations the system obtained applying the projector operators

of the x*(™) space. The rules for the x*(M) projectors are:

Pi+1r - . . :
ol sloywi =25 ok« 0l -2z -]

(10)
. . e \/2 i+l —
<|'|<° J|dan =¥t [‘l/ +(-1)' 1wn - 2(V2i - 14/' - ]
We obtain the matrix equation:
An[wr?“t]:Bn[wr‘,”] 0 T,=A:B, (11)

The elements of the transition matrix T depend on two dimensionless parameters: a  and a_.
The explicit method of presenting the algorithms offer the advantage of making obvious some
properties of the nodal transport algorithms through the analysis of the transition T_matrix elements.
We shall further on present the main properties of the numerical integration algorithms based on the
transversal projection method of the S transport equation in x-y geometry.

[l B Qualitative analysis of the GTMM algorithms - We shall next treat two types of GTMM
spatial approximations in order to exemplify the projector method described in the above section. The
GTMM transport algorithm for constant approximation has been previously presented (Hristea and
Pavelescu, 1998%). In this paper we shall continue the analysis of this approximation having for basis
the representation through the transition T _matrix. The most important notice is the one that the GTMM
CC algorithm may lead to negative fluxes. That can be made evident by analyzing the dependence of
the T matrix elements on the parameters a_ and a,.

Since we operate through the normated transport equation for the total section, it is necessary
to analyze the development of the spatial attenuation factors in Padé rational fractions (Baker Jr. &
Graves-Moris, 1989). We obtain the elements of the transition T, matrix as a rapport of polynomials with
variables a  and a . This way we eliminate 0/0 indeterminacy. This procedure of treating the small-
dimension intervals is different from the classical method (Walters and O' Dell, 1982). More than that,
we establish for the Pade' representation [1/1] that theGTMM CC and CL algorithms obtained are
equivalent to the diamond difference schema DD.

A) GTMM CC constant approximation -The cell automata that characterize this approximation
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AL =(vO,WO 7). [wet]=Teelwn], [Wi=[ur® wd o], [W=[wi® wd u

(12)
The procedure of deriving the transition matrix is described in detail in a previous paper (Hristea
and Pavelescu, 1998%). Using the diamond and balance relations we obtain also the transition matrix

for the DD scheme:

- y 0.0 0 00
. 7% —eleng 2y Oy . Y -1-ay 2 2t
Th = ymzawegxe%/ eZaW_e%(e%/ Zany9$e%/%-rn =—ood 2" 1_Vr¥x_any 2ap,C 13
1-akéo 0 o0 0 00,00 A0 C (13)
H &xOny €y Inx Onx Gy H g W 1 Gy [
01— 4 0 ADD Xy w _ 8w _ 3
=, =1- ,Ap- =1+ + , = =—
€u > Oru €u Bn Yn" tany, ¥n 2 aly

The link between the GTMM CC and DD sc

>

eme can be obtained by using the diagonal Pade'
[1/1] approximation of the spatial attenuation factors exp(-2a,) and exp(-2a,). We shall check the
following assertion through calculation:

Proposition 1 The GTMM CC cell automata in Pade' representation of the spatial attenuation

factors [1/1] is equivalent to the diamond difference integration scheme. The demonstration of this
proposition is done in a previous paper (Hristea and Pavelescu, 1998 #).

In Appendix A we present the Padé diagonal representations for the GTMM CL approximation.
For the first three of them we observe that the sum on the row of the elements corresponding to TnCC
is equal to one. This leads to the similarity between the determinist cell automata and the Markov
chains. In the stochastic processes we associate a transition matrix whose elements represent
transition probabilities (Sinai, 1992). The GTMM CC transition matrix and its Padé diagonal

representations are not yet stochastic matrices because the elements tj;and t,, may be negative. If we
analyze the contribution of the L frontier to the R one for a square interval in S, approximation we
notice that it has a negative value. By all means from a geometrical point of view there is not any
contribution. This way the principle of integration along the neutrons is violated.

For that we consider a square spatial interval and the S, angular approximation. For simple
geometrical reasons it results that y%’x =1. It is obvious that the left frontier does not contribute by

transmission to the right frontier. In Figure 2 are represented the elements t;; for the GTMM CC

approximation and for GTMM CC approximations these elements differ from 0. In fig. 2 we analyze the
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dependence of the matrix element t;; for the GTMM CC and for their Pade' representationsThe

functional dependence refers to parameter a , measured in mean free path.
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Fig. 2 The t,, element of the T, matrix for the approximation GTMM CC and their
Padé rational representations y,Y =1

On the basis of this observation we can conclude that neither of the approximations based on
transverse integration method is inherently positively defined.

The GTMM CC algorithms and the DD scheme behave differently from a numerical point of
view. There occur significant differences in the calculation of the average values of the flux. Another
major difference is that of the evolution of the iterative process. There has been noticed that the DD
scheme leads to oscillations of the iterative process and subsequently to a larger number of inner
iterations. The mathematical study of these numerical phenomena is difficult due to the lack of
mathematical tools for a global analysis of the transport algorithms. For slab geometry one can be
demonstrated that the GMM algorithm in constant approximation does not lead to negative fluxes.

B) The GTMM CL approximation constant at the borders and linear within the cell- The cell

automata for this approximation is:
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— OO0ica=1, Il
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(14)
For deriving the transition matrix we follow the procedure described in Section Il A. The first

step consists in finding the 0 moment of the angular flux at the outgoing transversal projection through

operators: : (+ 0| and {0 +|. We obtain two algebraic equations.

-0 Xy 0,0+ 00 _ -2 -0 Xy 0 ,,0- 0 .00 10
Yn tyYnewtn +0un =e anan +Vn e¥n *28n€nx0n 'Zanxer11xC1n

yX 0 =0 , . O+ 00 _ 0 ,,-0_ 728y  O- 0 .00 1 01
Yn €yWn t¥n +O0Un =2anentn- te VYn +2apendn - 28ny€nydn

(15)
To determine the moments of the angular flux within the spatial cell we apply the projection operators

(00|, (10| and (01| to the transport equation (1). We obtain the following algebraic equations which

unknowns are the components of the [wout]:

(000 + Qe + Wl +0ur® + ot = Qi + Qi © +a3° + g + g3t
B/3Q i + 0yl - 2430 0 + i + 0 dt = -3 + 0t +0g3° + gil + 0giY
ana 0+ 30w - 2430 w0 + 0wl + @it = oyt - V30" +0gl° + 0grl + gt

In Appendix A we present the matrix equation used to obtain the transition matrix: and also the

Qnx =1/2a, (16)
Qpy =1/ 2apy

transition matrix.

The transition matrix for this approximation can be factorized so that the 7S¢ appear in the
upper left corner of the 7EL. This observation helps us to analyze the Padé representation [1/1] for the

elements of matrix (13).
Proposition 2 The GTMM CL cellular automata in the Padé' representation [1/1] of the spatial

attenuation factors is equivalent to the diamond difference integration schemeTr%/l] =TPP

Demonstration To demonstrate this proposition we compare the Pade' [1/1] (A5) with the transition
matrix for the DD schema. It results that the Pade' representations [1/1] also coincide with the
corresponding elements of the DD scheme. The rest of the elements of transition matrix (A5) are equal
to zero except the diagonal elements that are equal to one. In the circumstances of first degree
moments of the guess flux equal to zero, it results that they do not contribute along the iterative

process to the moment of zero degree of the flux in the spatial cell QED.
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The method of transversal integration presented in this section has some particularities that

occur when we build these algorithms. Not all the spatial approximations lead to distinct algorithms see
the GTMM LC approximation.

The complexity of the formulas increases with the degree of the spatial approximation. The best
example is the derivation of the GTMM linear - linear approximation LL. The algebraic system is much
more complicated and implicitly the elements of the transition matrix. In this paper we shall not present
this spatial approximation.

Another important observation that should be mentioned here consists in the impossibility of
extending the projector method based on transversal integration to other types of geometry but

Cartesian.

IV The method of projecting the S integral transport equation

The projector technique developed in Section 11l is different from that used for the discretization
of the integral transport equation. Starting from the structure of the partial differential transport equation
we need a method for finding out the flux at exit frontiers. This can be done by partially projecting along
the two spatial directions. When using the integral form (1) of the transport S equation, the transversal
projection is no longer necessary since we can determine in principle the angular flux at any point
within the spatial cell knowing the fluxes at the incoming frontiers. In this case the principle of numerical

integration along the neutrons is consequently used.
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Fig 3Cell'sgeometry for the S, integral equation yY* <1
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VI A. Projector for integral equation - For an adequate understanding of the integral

equation for spatial projection, in Figure 3 was described the geometry specific to this method. We
notice that the spatial cell is naturally split by the lines El and JG. The unity vector of these lines
coincides with the projection unity vector of the neutron' s direction. Through these lines we separate
clearly the contributions of the incoming frontiers at the exit frontiers.

From this figure we notice that the spatial cell is divided naturally into three sub-domains that
delimitate the influence zones of the incoming frontiers. The calculation of the moments of the angular
flux within the cell is done by using either generalized balance relations or by integrating the integral
transport equation on the cell surface. We used both to check the formulas for the transition elements.

We consider the spatial approximation in which the frontier fluxes are developed into Legendre
polynomials up to L-1 degree and the interior fluxes up to M degree. The integral equation (3) is written
considering the previous notations as:

L-1 l,J r r

L-1 N
W =y piliche y af forlie o, u =e ™y wrll-i)e Yy b farije an
1=0 NE 1=0 1=0 "o

We have two types of integration through which we calculate the elements of matrix T : the
integrals at the outgoing frontiers, which are integrals defined along a line, and surface integrals.

Choosing the orthonormal basis of test function and the linearity of the projection operation of
the S, integral transport equation, we can notice that the calculation relations for the elements of the
transition matrix T_do not change alongside with the passing from a lower spatial approximation to a
higher one. For the transversal projection, the complexity of the calculation formulas of the transition
matrix increases with the spatial approximation.

Taking into consideration the linearity of the projection operators at the outgoing frontiers we
evaluate the transition matrix for the ITMM constant-linear CL approximation. The elements of the
transition matrix for the constant-constant CC approximation result simply by eliminating the elements

that link the angular flux moments of higher degree.

The writing of the calculation formulas takes a lot of space, that' s why we shall simplify the
notations by using: ap, - X, ap - Y, y)* - . Due to the fact that the final formulas contain only the

lengths of the real segments (not the plan projections) in fig. 3 all the notations refer to these lengths.
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To simplify the integration we shall change the variables X —» X, Y - Y. The vectors through

which we represent the functions and the operators simply change into:

~0)=+0)=1 (+0|= J’dyn (0+]- J’dxn o 10021 J10)= 2, 10)= P2y, (1)

It is necessary to S|mpI|fy the equations that appear in the integral form of the transport equation
(17). In these relations there appear the integrated contribution of the source along the neutron' s
trajectory. Since we decomposed the source into moments we can anlytically calculate the integral. We
determine the position (x' ,y' ) along the trajectory from the parametrical reggentation of the straight
lines that goes through the point (x,y), the parameter being the length r' measured in m.f.p. along the

stright lines in space.

r
V3 V3 _p
I :J'dr,(qoo +7(Xn _r,)qlo +7(yn _r,)q01)e r :q00|00+q10|10 +q01|01

(19)
0

J3

- - 3 _
loo =1-€™", g = (@ T@+r=xp)+xn-1), Iy zg(e "@+r=yn)+yn -1
For calculating the transfer at the outgoing frontiers it is necessary to express the fluxes at these

borders depending on the sources and the incoming frontiers. While writing the formulas we shall take

into account the geometrical significance and the notations in fig.3.

1+e -Y- 00,1 10,1 01 l
Yn —’»Un e y"+q Igo tdn lip tdn’!

2e + - 00, 2 10,2 01,2 20
Yn —’»Un e +C| loo tdn lip tan lo1 (20)

304+ -0_-X-x 00,3 10,3 01,3
Yn =yne "+dn lgo tAn 30 taAn lo1

We notice from figure 3 that at the right frontier there is a contribution only from region I. It
results that t{; =0. For the top frontier only regions 2 and 3 contribute. We have the following

calculation rules with the help of projectors at the exit frontiers:

X 2Y-X
o [xwd ot = J'dxnwn =0, 21)
2Y-X
i = 0+t = (+0[[6R), tro = (0+[(e™®), ty =(+0lik,, ta =(0+(13, +13,). 12345 k. p=01
From the relations (21) we notice that the elements that make the incoming frontiers'

(+Oly = (+OWE™ {0+l =

contribution to the exit ones are positive and similarly the contribution of zero degree at the exit frontier

is also positive. The first two algebraic equations are:

_ ~p -0 0- 00 10 01
=0yn +t12ll’n +1130n" *+li40n” *+t150n (22)

0- 00 1 1

n —tzlll/n +ipWn +130n +t24q2 +t25qﬁ
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The ITMM CL transition matrix with their Padé [1/1] and [2/2] is presented in Appendix B.

The calculation of the elements of the TRZ_ matrix involves the using of double integrals. These
elements are calculated with the help of projection operators applied to integral equations (17). The

integration technique is exemplified for the two transition matrix elements presented here:

Y=X+y,
tyy =ﬁ‘ﬂ' _rdxdy—mj'dyn Idx qe (atX) = gny
(23)
1 . . -r 1 —r
too = 5 o gJ dxdly + ﬂ'dxdy + ﬂ'dxdygl—e )=1—M I J‘ dxdye
I E
(24)

From the analysis of the elements of matrix TS (B2) it results that for the geometry described in

Figure 3 the cellular automata associated depends on a geometrical parameter [ and on a length Y.
The parameterr [o,1] does not present a major problem because it does not appear in formulas at the
denominator. The Y parameter by all means can be equal to zero in case of a cell without any material

(void). For the implementation in a programming language when %, -G, the use of the exponential

function from the library of the language leads to numerical indeterminacies of 0/0 type. The
corresponding approximation of the automata in this case represents a problem that is dealt in the next

section and in Appendix B.

The case in which y%’x >1 - yr)]<y <1shall be treated separately following the same calculation

steps. For this the cellular automata depends on the yr)]<y parameter and on the distance X. There can

be avoided such a laborious calculation by exchanging the axes x and y. Thus we can use the

elements of the transition matrix calculated for yﬁ’x <1, by replacing the parameterl” with yr)]<y and the

distance Y with distance X.

IV B Qualitative analysis of ITMM CL approximation -The qualitative analysis of ITMM
algorithms consists in deriving the main features of these algorithms starting from the analysis of the
structure of transition elements of the matrix. The adequate representation of these constants of

structure is necessary in the case of the void. The use of the exponential function from the library of the
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programming language leads to indeterminations of 0/0 type. The representation of the elements of

the transition matrix is necessary for the algorithm not to lead to such indeterminations.

Like GTMM algorithms, we use the development of the spatial attenuation factors in rational
Pade' fractions folTMM approximations also. In this case we can derive as well as for slab geometry
(Hristea and Pavelescu, 1998"™) the elements of the transition matrix in vacuum. For this we use the
integral equation of vacuum transfer and apply the projector method for deriving the elements of this T,
matrix. In vacuum the distances are measured in cm and the sources in n/cm’s.

We introduce the following notations: g, - X’ apy - Y, v - X', Y[ecm]. The integral

equations for the three regions represented in Figure 3 are:

3
12y 1212 2 Y3 oy
(»Ur11(2)" = (»Ur?_ + Icl)(OZ)QOO + |i162)Q10 + |c1)(1I 2)Q01 0 y:]/_ 0L~ oyr ( Yn)(¥n =Y")
’ 3
167 = oo (Y + Vo) (@ =Y = i) (25)
V3
180 = X!+ X0, 13 = = (X' +x,)(X = X)
3 \/é I I I I I
IOIZW(X +X0)(2yn — X' —Xq)

The T_matrix in vacuum is obtained following the same procedure as well as for the situation in

which the total section is different from 0.

O 3y'(3-2r -J3y L
0 C
-J3ry'(3-2r 3y’
2T 1-T Y'(2-T) ERACD) 3( ) ‘/_3 E
26
TCL :g r 2-T Y'(3-T)  -43ry'(2-r) —«/§Y’(2—F)E (26)
void = 55 2 3 6 6 C
g—ﬁr(s—zr) Jar(3-2r) Jary'(2-r) yY'(5-5r+r?d) —FY’(5—3F)E
0 6 6 6 5 10 C
0 A3 -3 J3v'(2-r)  -ry'(5-3) Yr €
= 6 6 6 10 5 E

The choosing of the Pade' approximation order is a difficult task.For making correct
comparisons we consider that the total section is a small infinite of order 1 and the scattering ratio is a
number different from 0. We develop the elements of the (B2) matrix retaining only the first
approximation.

In the Appendix B are represented the transition matrix for the development of the spatial
attenuation factor in Padé fractions:[1/1] and [2/2]. By comparing these approximations to the elements

of the matrix (24) we notice that for the Pade' approximations [1/1] and [2/2] thevacuum deviation
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becomes significant. Diagonal Padé approximations superior to order 2 well approximate the

elements of the transition matrix.

An important property arise for the ITMM CC approximation:

O O
O O -
oo ey Oy 0 ey + iy =1 27)
T =Oey  e¥a-m) Foy +2vehy(1-T) O Tepy+e?'(1-T)+Tgy +2¥en,(1-T) =1
D-goo rg 00 g00 rgoo rgoo 00
By oy te@-N) ra-=H+oy- r)H oty ey r)+ra-- )+ ay@-r=1

Proposmon 3 The ITMM CC transition matrix is stochastlc

Demonstration The demonstration of this proposition goes back to the demonstration of the
positiveness of the transition matrix (27). This comes directly from that the elements of the matrix are

obtained by linear or surface integration of some positive functions. QED

V Calculations and Results

Numerical tests presented next create a chart of main properties of the algorithms described
within this paper. We are interested in the dependence of the numerical integration precision on the
discretization of the problem. We use benchmark tests very well corroborated (Khalil 1986, Warin
1994), which point out the behaviour within limit areas of the programs based on projector method. The
tests contain both problems with weak and strong scattering materials. We compare the performances
of ITMM and GTMM and of this Padé representations algorithms depending on the dimension of the
spatial interval. We shall further on use the maximum optical way D_,, which represents the maximum

of mediate optical ray on all angular directions corresponding to the S approximation.

N(N+2)/8 % gacar = v <1
Do = _MaX 13,73 = anr'n, F., = (00|r,, = (3 r,u=0 fe =rn (28)
JON egion EX dacal = yn <1

Because all the benchmark cases treated here report the averaged flux on the material we plot
the dependence of averaged relative error on the D

Vi€ —rep —cal
i P -t

]
_ region - ) =
A P A
jEN

where V, is the volume of the material region.

(29)

region
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VA Benchmark problem containing nearly voided region - The benchmark case treated in

this paragraph consists in a problem containing a nearly voided region (Khalil, 1985).The geometry and

material properties are shown in Figure 4 and Table 1.

Reflecting
20 10.0cm 335cm 8.0cm
~m [¢ b h >
A
Reflecting | 1 2 4 5 Reflecting
6.35cm
3
3 2 2.85cm
Reflecting

Fig. 4 The geometry for a problem containing a nearly voided region

Table 1 Material properties for the nearly voided problem

Material No. | Source (cm®s™) | = (cm™) | Z (cm? z (cm?
1 0 0.4 0.00 0.4
2 0 0.027 0.073 0.1
3 0 0.00203 0.00497 0.007
4 0.29 0.0162 0.0738 0.09
5 0.07 0.0162 0.0738 0.09

The purpose of these tests is to compare integration precision for the two classes of algorithms
presented in the paper. A special attention will be paid to the evaluation of the integration for extremely
thin intervals. The evolution of the integration precision through mash refining imposes the
representation through rational fractions of the transition matrixes elements. The choosing of an
adequate representation is a problem that involves an empiric study on specific cases and through
different Padé approximations mentioned in Appendices A and B. As it is difficult to estimate the overall
precision for the numerical integration of the transport equation, we present numerical experiments that
can offer an empiric limit of the transport algorithms' performances developed in this paper.

Table 2 The material averaged fluxes for a benchmark problem containing a
nearly voided region

Algorithm Zone 1 Zone 2 Zone 3 Zone 4 Zone 5
TICC 0.15592E+01 | 0.48814E+01 | 0.79685E+01 | 0.98062E+01 | 0.79900E+01
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TGCC 0.15014E+01 | 0.49673E+01 | 0.80725E+01 | 0.98353E+01 | 0.81130E+01
TICL 0.15461E+01 | 0.48629E+01 | 0.79777E+01 | 0.98471E+01 | 0.79856E+01
TGCL 0.14734E+01 | 0.49080E+01 | 0.81106E+01 | 0.99392E+01 | 0.80832E+01
TWODANT | 0.14734E+01 | 0.49107E+01 | 0.81133E+01 | 0.99431E+01 | 0.80834E+01
‘(Khalil, 1985)

The data obtained through the programs described above are compared with the results
obtained through the TWODANT code for mesh 10x3 in S, approximation (Khalil, 1985). In Table 2 we
present the average flux by composition for S angular approximation obtained through ITMM CC
(TICC), GTMM CC (TGCC), ITMM CL (TICL) and GTMM CL (TGCL) approximations.

We notice that the best results are obtained through the TGCL algorithm. The approximations
based on integral equation projection significantly differ from the results obtained through the
TWODANT code (Khalil, 1985).

The purpose of this test is the approach of the evolution for the precision of the numerical results on
refining spatial intervals. By increasing the number of spatial intervals we notice that both TGCL and
TICL algorithms leads to numerical instabilities. In Figure 5a we present the evolution of the maximum
relative error for TICC algorithm and with the algorithms obtained through diagonal rational Pade'

fractions. There are tested [1/1] (TIP1CC), [2/2]
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9 003 2
= —8—TIP1CC ‘= 002
S 0025 | c
S —A—TIP2CC S
S 002 TiPsce & 0015 4
8 0015 + 8 o1l
-g 0.01 + -g
W 0005 |- w 0005 ¢
0 } } } } 0 } } } }
0.01 0.06 0.11 0.16 0.21 0.01 0.06 0.11 0.16 0.21
Dopt [m.f.p.] Dopt [m.f.p.]
ba 5b

Figure 5 The averaged relative error for ITMM algorithms and their diagon al Pade'

approximations

From Figure 5a we observe that the TIP1CC algorithm is less accurate than the other
representations of the TICC algorithm. In Figure 5b we plot the averaged relative errors obtained with
ITMM CL (TICL) and their Padé diagonal representation [2/2] (TIP2CL) and [3/3] (TIP3CL). On this

value field, Pade' representations [2/2] and [3/3] lead to identical results for constantlinear spatial
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approximation. We notice that TICL fail to converge for D less than 0.11 m.f.p. These results for

Padé representations should be studied for larger intervals also, so that we can establish a domain for

their applicability.

0.045 0.0902
o 004+ o 00802 ——TGCL
‘= 0035 1 ‘E 00702 {{—m—TDD
= 003+ = 00602 +| s TGP2CL
o 0025+ o 0.0502 +
8 002+ & 00402 || ¥ TOPSCL
T 0015 + B 00302 +
E 001+ € 00202 4
W 9005 + W 90102 +
0 ‘ ‘ ‘ ‘ 0.0002 - ; —A
0.01 0.06 0.11 0.16 0.21 0.01 0.06 0.11 0.16 0.21
Dopt [m.f.p.] Dopt [m.f.p.]
6a 6b

Figure 6 The averaged relative error for GTMM algorithms and their diagon al Pade’
approximations

In Figure 6a we present the averaged relative errors obtained with GTMM CC (TGCC) and their
Pade' approximatios [2/2] (TGP2CC) and [3/3] (TGP3CC). In Figure 6b we represent also the
averaged relative errors obtained with GTMM CL (TGCL) and their Padé representations. For this
spatial approximation we show the results obtained with diamond difference schema which are
obtained as Pade' [1/1] representation of theGTMM CL (see proposition 3). GTMM CL schema fails
to converge for D, less then 0.0234 m.f.p. From the figure 6b we see that TGP3CL is less good than
TGP2CL ones and than TGCL also. This is not the case for the CC approximation (see Figure 6a). For

D, greater than 0.11 m.f.p. the diamond difference schema is less accurate than all other algorithms

presented.
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‘180mN 30cm N 30cm NlScm'
18
om PR N B gt
'S . [_]
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30
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- Void 2 0.48 0.20 0.0 0.0
.70 0. 043 1.
. 1 5 3 0.70 0.66 0.043 1.0
cm 4 0.65 0.50 0.0 0.0
= 5 0.90 0.89 0.0 0.0
18 5
cm
h 4
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Fig. 7 Geometry and material composition for the Stepanek test problem
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VB The Stepanek test problem- The problem presented in Figure 7 (Khalil, 1985) and (Warin
and Vaudescal 1995) presents both a fixed source and an eigenvalue benchmark test. We present
this problem for continuing the analysis of Pade' representations behavior for situations when the
length of the intervals is greater than 0.25 m.f.p.

Table 3 The average flux by composition for the Stepanek fixed sources problem

Algorithm Zone 1 Zone 2 Zone 3 Zone 4 Zone 5 E,__,
TICC 11.817 | 0.56628 18.808 0.88377 1.6104 4.7980 -02
TICL 11.881 | 0.55480 18.988 0.86259 1.5712 2.6065 -02
TGCC 11.870 | 0.55600 18.948 0.86441 1.5838 3.1971 -02
TGCL 11.961 | 0.53936 19.205 0.83307 1.5257 3.9743 -04
TDD 11.960 | 0.53969 19.202 0.83364 1.5267 1.1641 -04
TWODANT | 11.960 | 0.53968 19.202 0.83364 1.5263
(‘Khalil, 1985)

In Table 3 we present the average flux by composition for a spatial grid with 100x100 mesh cells
and for S, approximation (Khalil, 1985). The algorithms TGCL and TDD lead to closest results in good
concordance with the TWODANT. The TICL algorithm is not so accurate as we expect. This result

needs a supplementary analysis.
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Figure 8 The averaged relative error for Stepanek test problem - ITMM algorithms
and their diagon al Pade' approximations
In Figure 8 we present comparatively the evolution of the integrating precision in S, angular
approximation obtained with ITMM and GTMM algorithms. For both spatial approximations the Pade'
[3/3] representation leads to identical results as analytic approximations. The study of Pade'
approximations in the domain of larger optical paths for ITMM CL algorithm is described in fig. 8b. At

the side are tested ITMM CL algorithm and Pade' representations [2/2] TIP2CL) and [3/3] (TIP3CL).
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For this spatial approximation Pade'

representation for larger intervals. Pade'

V. Hristea, St. Covaci

representation [2/2] leads to better esults than “exact”

approximation [3/3] leads to predictable results for thin

intervals with D smaller than 0.2 m.f.p. There can be reached a total concordance with “exact”

approximation.
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Figure 9 The averaged relative error for Stepanek test problem - GTMM algorithms and
their diagonal Pade' approximations

In Figure 9a we continue the approach of Padé approximations for GTMM CC algorithm. Pade'
representation [2/2] (TGP2CC) in the area of large intervals leads to a superior precision to GTMM CC
algorithm. But we notice at the same time that for smaller spatial intervals the precision of TGP2CC
algorithm is weaker than that of TGP2CC algorithm. Interesting results are obtained analyzing the fig.
9b. The TGP2CL algorithm leads to better results than: TGCL, TDD and TGP3CL algorithms. From
this it results that TGP2CL algorithm may be used not only for thin spatial intervals.

Table 4 The multiplication factor for the Stepanek test problem

Spatial TICC TICL TGCC | TGCL | TDD | TGP2CL | TGP3CL
grid
24x22 | 0.92680 | 0.98870 | 0.93171 | 1.0095 | 1.0076 | 1.01032 | 1.00636
50x50 | 0.96612 | 0.99354 | 0.97147 | 1.0094 | 1.0088 | 1.00962 | 1.00788
68x68 | 0.98699 | 0.99873 | 0.99330 | 1.0092 | 1.0089 | 1.00924 | 1.00915

The results for the k , Stepanek test problem are summarized in Table 4. A good approximation

for the multiplication factor is obtained with TGCL and with the diamond difference schema TDD. From

this we can conclude that the GTMM CL approximation is competitive with the diamond difference

schema.
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VI Conclusions on the projector method

The solving algorithms for the transport equation based on the projector method presented so
far represent only a part of the calculation algorithms we have obtained. The method of presenting the
algorithms differs from the usual presentation by the fact that for the analysis of the numerical
performances it is necessary to present the algorithms explicitly. The writing of the numerical integration
through a single T_matrix within the cell in the phase space simplifies the comparison of the algorithms.
If we also take into account that the numerical integration of the S transport equation is an iterative
process for which we start with a guess flux, then a few interesting propositions results by which some
numerical approximations prove to be useless (Hristea, 1999).

The numerical tests next presented point out the fact that the GTMM schemes are far more
precise for the determination of the average values within the material areas. By all means, from the
facts not presented here it results that the transversal integration method shows some deficiencies that
occur for the determination of the fine flux distributions. One of the most important results of this paper

consists in rational representations of algorithms based on projector method.

A The GTMM CL transition matrix calculus and its Padé representation

The transition matrix for the GTMM CL results by solving the matrix equation Agl-[q;r?ut] = B%L[lpri]n]

(see (16) and (17)). The matrix ASt and BS: are:

-2 0 0 0
U1 7 er(1)x 0 0 od U e Vno€x  28mEnx  — 2anEnx o C
U yx 0 U 0 ¥_0 -2a, 0 L
Y €ny 1 0 0 0g Eyn &y € " Zaneny 0 _Zany‘%lyE (A1)
ASL = EQnX Qny 1 0 og BR =5 On Qny 1 0 0 ¢
B 0 -2J3Q, 1 00 %Jégnx 0 0 1 0 E
[l il
5 0 8, -2/3, 0 1 5 0 -¥3, o 0 1
The transition matrix is:
%—Zanx - egxelgny 2anxegxelgny Zanxelgnxgg)(/) - 2anxe%x Zanxegxe%yg
00 -2a, 00 0 .00 0
1 E 2anyenxeny € Y —€nx€ny  2any€nyOnx 2anyenye%x - 2anye%y 0 ERee C
CL _ 0 .00 0 .00 00,00 00 00 CL _ 12
Th™ = A_D €nx ny €ny Inx Onx 9ny e%xgny e%ygnx EI B_r H E (A2)
nQJ 0 00 11 0 21 A2
0 e%x - enye%x - e%x Ony ixy - e%xe%y 0
11
E - elgnxe%y e%y - e%y 9%(() - e%xe%y Pryx E

11 11 1+a
Ap = 1_egxe|9|ys h%ﬁv = (e%u)zelgnv + Onuln, Gnu :1+\/§e%u a Mouv=xy
nu
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The T,%,l] TI%IZ] and T,%,S] matrices are obtained using the Pade’ representation for the

exp(-2y) spatial attenuation factor of order [1/1], [2/2] and [3/3] (Baker jr. and Graves-Morris. 1981).

oy _REY) v _B(Y) v B(-Y)
Wi = R(y) W24 vy BT Ry (A3)

R(Y)=1+Y, B(Y)=3+3Y+Y? B(Y)=15+15Y +6Y2 +Y3

We obtain:
D -2(1+Y) 2 2Y 0 0[O
2 o2y¥ D-2y@+x) 2¥ 0 of
Tnc[ll_/l]_%% va 1 Y O OBD:1+Y+yr¥X (A4)
0 0 0 0 D 0
H o 0 0 0 D
[D - 6P, (Y) 18 6YBL 243XP, (Y) -6J3Y C
D18y Doyl P(X) oA 643y 23 ¥Py(X) €
T =2 L3 s B A vavy E (A5)
sz(v) 33 V3B, D-3(Py(Y)+yq By) -3y C
&F —V3ya Py(X)  3YA -3y D—a(vnnyZ(X)+A1)E
D=P(X)yy By +3A, A; =x+3, By =y+3
1D-2MR(Y) 2/9B, 2B 10V3XR(Y) ~10V3YA -
02 M8,  D-2y¥'R(X)B, 2YAB, -10V3'B, 10V3YRy(X) ¢
ED yX _ - C
Tiaa =55 VAR ASB YASB; 5V3B; 53 L
0-5V3R(Y) 538, 5V3vB3 D-15(y¥*By +Py(Y)) ~75Y (A8
Hsvaa  -5/3R(X) 5/3va —75Y D-15(Ag+y*Py( X))E

= Y (R(X)By +(75+ 90X +35X% +6X°)Y) +15A, A =15+ X2, Ag =15+5X + X2,
B, =15+Y?, B; =15+5Y +Y?
Each element of the matrix (A5-A7) is written so that it should not lead to 0/0 indetermination if

>¢ - 0. The elements tj;, i<3 <3 are the same as for the TnCC matrix. The Pade' representation

3
h hat: .
preserves the property that Z i =1i=123

=1

B The ITMM CL approximation and their diagonal Pade' [1/1] and [2/2] representation

The transition matrix for the ITMM CL spatial approximation results using the matrix:
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o1 0 0 0 0O o o o ti3 tg YHsC
E 0 1 0 0 OE E 1 o T3 fg tos¢
ACL =0Qn  Qpy 1 0 ogBEl =0 Qp Qy 1 0 oC
/3, 0 -2/3Q, 1 0f Erfmnx 0 0 1 oE
Ho 3, -2/3, 0 1 H o -va, o o 1f

(B1)

where the elements that appear in the matrix Bﬁ'— are calculated with the relations (22). The transition

matrix is:
= 0 e g V3(e™?"BL+B2) L E
0 Y Y 2y?2 Y C
o or e2a-r) e 2YB3+Y-T —+3r(e2'B4+B5 -+3(e 2'B6+ B7)C 8o
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e g Fony e?Bg+av-T e 2Bo+BI0 V3 (e VBl+B12) 3(e 2BI3+BI4)C
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B 2y ay? 2v2 4?3 43 E
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where:

Bl=Y -2 (1+Y), B2=2Y2-Y + 2 (1-Y), B3=T - 2Y(1-T), B4=2YT (1+Y)-Y -2Y2, B5=Y - T,

B6=2G+3YG-2Y+2Y%(G - 1), B7=GY-2G+2Y(1-Y), B8=2Y(F 1)+, BO=Y -T(1+Y), BLO=2Y? - Y+T (1-Y),

Bl1=2Y2(I 1)+ 2Y(2r —1)+37, B12=2Y((1+ ) - 2Y? -3, BL3=3 +4Y[ - 2Y + 2Y?([ -1), Bl4=2Y(1+T)-3r - (B3)
-2Y2, BI5=Y - 2r(1+Y), BL6=2r - Y +2Y(Y -T), BL7=F +Y(2r -1)+2Y2( -1), B18=I 3(6+ 2Y3 + 6Y? +9Y) -
-3v2r(y+1)+Y3 B19=3r3(Y - 2)-3v2r(y -1 - Y3 +2v4 B20=T(6+9Y +6Y2 +2Y3, B21=Y(3- 2Y) + 3G(Y - 2),
B22=T(2+3Y +2Y2) = 2Y((1+Y), B23=2Y(L-Y) +T (Y - 2), B24= 3 (2+4Y +3Y2 + Y3) - 3y(1+ 2Y + Y?),

B25=T (32 - Y3 -6)+Y(3+2Y3 -3Y?)

The Padé approximation [1/1] is insufficient for evaluating the elements of the two matrices that
link moments of order 1. A simple calculus demonstrates this. By all means, for the ITMM CC
approximation this representation is interesting numerically. The elements of the transfer and transition

matrixes for the Padé approximation are:

18O A v
ccC _ _ _ -
Tn[l/l]_1+YDr 1-Y)@-T) Y(2-T)r
H/2 (2-T)/2 Y E
(B4)
We notice that the summing of the row elements for this matrix is equal to unity. A higher

approximation to the previous ones is the Padé approximation [2/2]. We shall next present the

transition matrix:
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g 0 3 Y(3+Y) Yay, -3y E

1 O 3r (1— r)Pz(—Y) Y(G— 3+ YI') - Ya24 6125 C

T2 :Wg(sw) 6+T(Y-3) 2Y3-T+Y) -Tag -ag, E
22 A-ray Fay, Fag, ay  IYQI-T)C

HVar =3 +2v-Y) ag, IYa-r)y Yr+n)k

(BS)

a4 =v/3(B= 27 +Y), agy =V3TY(3-2I + YT =), ays =+/3Y(T +2Y -TY), ag =+/3Y(2-T) (B5)

ag =2Y(3+Y+r3-3r)
The matrix Tﬁ[g,z] is stochastic. This property results from the fact that ' <1 and P,(-Y) do not have

real roots.
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