Romanian Reportsin Physics, Volume 55, Number 1, P. 43- 67, 2003

A Comparative Survey on Adaptive Neural Network Algorithms for
| ndependent Component Analysis

Radu Mutihac and Marc M. Van Hulle

KathdliekeUniversiteit Leuven, Labovoor Neuro- en Psychafysiologie, Campus Ghastuisberg,
B-3000Leuven, Belgium

{Radu.Mutihac, Marc.VanHull e} @med.kuleuven.ac.be
(Receved April 17, 2002

Abstract. The paper is an overview of the most frequently used neural network ago-
rithms for implementing Independent Comporent Analysis (ICA). The performance of
six structurally different algorithms was ranked in bind separation of independent artifi-
cialy generated signals using the stationary linea ICA model. Ranking of the estimated
components was also caried out and compared among dfferent ICA approadies. All al-
gorithms were run with different contrast functions, which were optimally seleded on the
basis of maximizing the sum of individual negentropies of the network outputs or mini-
mizing their mutual information. Both subgaussian and supergaussan one-dimensional
time series were eamployed throughout the numericd simulations.
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1 I ntroduction

In many areas like data analysis, signal processng, and neural networks, a @mmon task isto
find an adequate representation of multivariate data for subsequent processng and interpretation.
The transformed variables are expeded to be the underlying comporents that optimally describe the
esential structure of data and to reved some physicd causes involved in the processof data genera
tion. In reural computation this task belongs to unsupervised leaning, since the representation is
only learned from data without any kind of external control.

Linea transforms are often envisaged to acomplish this task due to their computational and
conceptual simplicity. In its full generality, ICA amounts amost to the cmplex problem of blind
model identification on the basis of minimal suppositions. ICA has emerged as an extension of a lin-
ea transform cdled Principa Comporent Analysis (PCA), which has been developed some yeas
ago in context with Blind Souce Separation (BSS in Digital Sgnd Processng (DSP) and array
processng [1]. The ICA problem is slved on the basis of optimizing certain measures of departure

from gaussanity, which leads to a numericd optimization problem. We restricted our study to the
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linea ICA model, which means that the (unknown) transform from the sources to the observed data

and the pseudoinverse transform for estimating the sources from the data ae both linea.
2 ICA Model

The statistica principles of the ICA problem are discussed in many seminal papers, but fundamental
contributions are due to Comon [1] and Cardoso [2]. Our linea model considered heredter assumes
x(t), n@t)i " and s(t)i " threerandom vedors with zero mean and finite cvariance, with the
components of s(t) being statisticdly independent, whereas A is a redangular constant full column

rank N” M matrix with at least as many rows as columns (N3 M ):

x(t)=As(t)+n(t)=a st)a +n(t) (2)

- Qoz

1

where s(t), x(t), n(t), and A ={a,.a,,...a,} are the sources, the data, the (unknown) noise, and
the mixing matrix, respedively (Fig. 1). The sample index (e.g. time or point) t is assumed to take
discrete values t =12,...T . The variables (time series) are rowsin s{t), x(t) and n(t), so that s{t),
x(t) and n(t) are olumn vedors at any t. Mixing is sipposed to be instantaneous, so there is no

time delay between the (latent) source variable s (t) mixing into an observable (data) variable x; (t)

Within this framework, the ICA problem can be formulated as follows: given T redizations of x(t),
estimate both the matrix A and the @rresponding redizations of s(t). In BSSthe task is to find the

waveforms {s (t}} of the sources knowing only the mixtures {x j (t)} .
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Figure 1. Mixing and separating unknown source signals.

There ae severa limitations to solving this problem. If no suppositions are made &out the
noise (which is generally the cae), it cannot be introduced in the model but included in the signals,

hencethe noise-freel CA model can be written in the form:

* Permanent institution: Faaulty of Physics, University of Bucharest, 76900Romania
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x(t)= As(t) =

where the olumns &, , i =1,2,...M of the mixing matrix A are the basis vedors (mixture ceffi-

5(t)a, )

Qo=

1

cients) of ICA. Next limitation refers to the sizes of the different vedors. The size of s(t) (usualy
unknown) should not be greaer than the size of data x(t), otherwise the problem becomes under-
determined. If the size of x(t) is greaer than the size of st) (e.g. there ae more sensors than
sources), the problem is over-determined and the extra data can be used for reducing noise [3]. This
is acomplished by projeding the input data x(t) into its M-dimensional signal subspaceusing for
example PCA whitening [4]. In any case, ead source signa s, (t) i=12,...M isasuumed in our
model to be astationary zero-mean stochastic process and only one of them is alowed to have a
gausgan distribution.

Adaptive source separation consists in updating a M~ N separating matrix B(t), without re-
sorting to any information about the spatial mixing matrix A, so that the vedor

y(t)=B(t)x(t) 3
beames an estimate y(t)=3(t) of the original independent source signals s(t); hence the terminol-

ogy "source separation”. Thisis in contrast with "standard" array processng and beanforming tech-
niques where the clumns of A or their dependence on the location of the sources is assumed to be

known. In reural implementations, y(t) is the output vedor of the network, and the matrix B(t) is
the total weight matrix between the input and the output layers. The estimate S(t) of the i-th source
signal may appea in any component y; (t) of y(t). The basic indeterminacy of the linea ICA model
is due to the fadt that any product A®d(t) satisfies the same @ndition:

x(t)=Ast)=AP PTst)=AsE) (4)

for any permutation matrix P and any diagonal scding matrix , that is, the ICA model can be re-
solved upto the product of a permutation and a diagonal matrix. This is true for the overall trans-
formation matrix Q =B(t)A as well, becaise without prior information on the amplitude of the
source signals nor on the matrix A, the scde of eat source signal is unobservable. The permutation
indeterminacy stems from the immateriality of labeling the source signals. In order to partly lift up
this ambiguity, in severa ICA algorithms the anplitude of the estimates y; (t) are typicdly centered

(zero mean) and scded to have unit variance (whitened).
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21 DATA PREPROCES3ING

As a prerequisite to apply an ICA method, some dgorithms require data preprocessng to
some extent. As ICA deds with higher-order gtatistics it is justified to normalize in some sense the
first- and second-order moments. The dfed is that the solution is divided in two parts deding with

dependencies in the first two moments, e.g. the whitening or sphering matrix V(t), and the depend-
encies in higher-order statistics, e.g. the orthogona separating matrix W (t) in the whitened space
If we assume zeo-mean observed data x(t), then by whitening we get avedor v(t)=V(t)x(t) with
derrelated components, that is, E{VVT}:l . The subsequent linea transform defined by W(t)
yields the solution by arotation y(t)=W(t)v(t), which is the relationship between the whitening and

the output layer of the network. The total separation matrix between the input and the output layer
becomes:

Bt)=w()V() (5)

In the standard stationary case, the whitening and the orthogonal separating matrices con-
verge to some a@nstant values during learning. The same model can neverthelessbe used in nonsta-
tionary situations by keeping these matrices time-varying [5]. Standard PCA is often used for whiten-
ing because information can be optimally compressed in the mean-square error sense and filter poss-
ble noise out [4]. The PCA whitening matrix is given by

V =D Y27 (6)
where EDE' = E{XXT} is the egenvedor decomposition of the cvariance matrix of the (zero-
mean) data X, implying that D isa M~ M diagonal matrix containing the eégenvalues, and E an or-
thogonal N° M matrix having the agenvedors as columns. The appropriate orthogonal transform
W can be sought by means of (i) heuristic independence mnditions, (ii) optimizing some informa-
tion-theoretic aiteria, or (iii ) optimizing some suitable contrast functions, in such away that to come
out with as independent as possble outputs.

The re of ead algorithm contains the update (leaning) rule and its associated optimized
criterion. These two items differentiate the neural algorithms, which are adually family of algorithms
parameterized by the nonquadratic nonlineaity used. For the large dassof ICA adaptive dgorithms
the upcate rule is given as DW (t), which leads to the update euation for W (t) and/or B(t):

W(t+1)=wW(t)+Dwi(t) ()
As for instance, a simple neural algorithm for adaptive leaning of the whitening matrix V(t) has the
form[6]:
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Vt+1)=v )+ Dv ) =vE)+ )] - vEvET] ve) ®
where the (positive) parameter n(t) setsthe learning rate.
There ae many methods for estimating the ICA model, which are differentiated by the way

the source independence hypothesis is formulated and subsequently exploited. Their common feature
is nevertheless ®me form of higher-order statistics, which spedficdly means information not con-
tained in the cvariance matrix of the observed (zero-mean) data. Therefore, ICA agorithms are
linea with resped to data processng but are generally nonlinea in the learning phase. Optimizing
some implicit forms of nongaussanity, all 1CA approades come up with different approximations of

statisticd independence of the estimated components.

3 Neural Network Structuresfor |CA Algorithms

Feadforward network structures are intensively used in source separation, but reaurrent neu-
ral network structures have dso been considered in solving the BSS problem [7]-[9]. Theoreticadly,
they may exhibit certain advantages in hardware implementation [7]. Some feadforward networks
containing several subsequent separation layers have been also reported [10]. It is claimed that they
are dle to separate sources in difficult cases (weak sources or ill-conditioned problems) provided

that the data vedors x(t) do not contain noise and obey the ICA model above [6].
Let us consider the complete ICA model (1) and rewrite the estimated expansion as follows:
x(t)= Ay(t)+n€t)= &) + ngt) 9
where the N” M matrix A denotes the estimate of the ICA basis matrix A, and ndt) is the noise
term. The N inputs of the network (Fig. 2) are the components of the vedor x(t) at discrete values

of the sample index t and its hidden layer contains M units. The ICA model can be implemented in
two conseautive stages [4]:

1. Leana M’ N separating matrix B for which the mmponents of y =Bx are & independent
as possble according to some aiterion;

~

2. Lean a N'M weght matrix A that minimizes the mean-square  @ror
Emno{tmz}: E% ||x(t) Ay(tjrg with resped to A.

If the network is used for solving the BSS problem, then the basis vedors of ICA are of no
interest and the last layer is consequently omitted. If data ae sphered, then an extra layer is needed
(Fig. 2). The first layer acaomplishes v(t):Vx(t), wherethe M~ N matrix V is the whitening ma-

trix. In the cae of N>M the matrix V simultaneously reduces the dimension of the data vedor
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x(t). Then the source independent components are separated y(t)= Wv(t) by the orthogonal matrix
W that the network should lean.

X v y X
Y, w A
~—

B

Figure 2. The achitecure of a general feedforward neural network performing blind source separa-
tion and providing the basis veaors of ICA as columns of the estimated mixing matrix A,

Fealbad connedions are neaded during the learning phase, but oncethe training is over, the
network beammes purely feedforward if data ae stationary. In most of the caes M = N, so that no
data compresson takes placein the hidden layer. The linea ICA model (1) enforces linea input-
output mappings after the leaning process yet nonlineaities must be used duing learning the sepa-

rating matrix B or W in order to introduce the higher-order statistics into computations.

4 Algoarithmsfor ICA

Apart from the estimation principle of ICA, an algorithm is needed for implementing the nec-
essry computations. Since nonquadratic functions are generally involved by the estimation methods,
numericd algorithms are needed, which are quite computationaly demanding. The arrent ago-
rithms for ICA can loosely be dassfied in two caegories. One cdegory contains adaptive algo-
rithms generally based on stochastic gradient methods and implemented in reural networks[11], [8],
[12], [13], [14], [15], [16]. Adaptive dgorithms may also be based either on optimization of cumu-
lant-based contrast functions [8], [12], [13], or on "estimating equations” involving nonlinea distor-
tions of the output y(t) [8], [17]. This classof algorithms exhibits dow convergence and their con-
vergence depends crucialy on the @rred choice of the learning rate parameters.

The other caegory relies on batch computation minimizing or maximizing some relevant cri-

terion functions [1], [18], [19]. Their main drawbad is that generally they imply complex matrix or
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tensorial operations. Neuromorphic block tedhnique dgorithms based on 2nd- and 4th-order cumu-
lants were dso proposed [20]; [21]; [22]; [23], or (quas)-likelihood approach [24]. Note that if the
source signals are temporally correlated, then the spatial blind deconvolution (separation) may be
based on 2nd-order statistics only [25], [26], and separation of gaussan sources is possble.

We seleded heredter a number of algorithms aiming to highlight various faces of adaptive

neural network approac to solve the ICA problem in the framework of BSS

41  HERAULT-JUTTEN (HJ) ALGORITHM

In this pioneeing neural separation algorithm [8], the separation matrix B is sught in the

form
=(1+s)" (10
and the off-diagonal elements of S are updated following the rule:

st +1)=5{)+ mt) gy )y ) ) (12)

Here the diagonal edlements of S are zeo, whie g(y(t))={g(y,t)} is a olumn vector,

h(y ) {h yI } isarow vedor with i =1.2,... N, and the leaning parameter n(t)>O.Various

different odd functions g(y) and h(y) were used, suchas y, y*, sign(y) and tanh(y). The neural

implementation of the HJ algorithm may be performed using either feedbad or feedforward type
architedures [12]. The HJ agorithm initially used for the separation of 2 sources only, was sibse-

quently improved and extended for convolutive mixtures (time delays) [27].

42 EAS (PSF) ALGORITHM

The Parameter FreeSeparators (PFS) algorithm was introduced by Laheld and Cardoso [28]
and concluded with the Equivariant Adaptive Separation via Independence (EASI) algorithm [29],
which is an example of a nonlinea decorrelation method. The principle behind equivariance energed
from the group theory: when a transformation on the data is equivalent to the transformation of the
parameter, the notion of equivariance is of relevance Since both mixing and separating transforms
are invertible linea transforms, the properties of the parameters can be seen through the whole proc-
ess Though justified as an adaptive signal processng algorithm, it can be used as a leaning algo-
rithm of a nonlinear PCA type network.

The general upcdkte rule of the separating matrix equates to:

B(t+1)=B()- / OV - 1 +av@)nle) ) ne@)lyer )] B6) (12)
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with / (t) setting the leaning rate. If g(y)=y and h(y)=tanh(y) for subgaussan sources, and
g(y):tanl‘(y) and h(y): y for supergaussan sources, then separation is acamplished without
extra stabilization. Adding on-line estimation of the kurtosis endows the EASI algorithm with the
ability to handle smultaneously both sub- and supergaussan sources. The EISA algorithm provides

uniform performance, that is, its performance does not depend on the mixing matrix [28].

43 THEBIGRADIENT ALGORITHM

The bigradient algorithm was introduced by Wang, Karhunen, and Oja [30]. The updgte rule
for the orthogonal separation matrix W is given by:

W+ 1)=WE)+ rf)v)aly @) )+ o) W) - we) w] (13

The leaning parameters are such as n(t) can be ather positive or negative and g(t) has pradicdly

the values 0.5 or 1. The first update term n(t)v(t)g(y(t)T) is a nonlinea hebbian term, whereas the

second term g(t)W(t)[I - W(t)TW] keeps the weight matrix W (t) approximately orthonormal. The
main quality of this algorithm is its flexibili ty, namely, with minor changes can perform separation of
both subgaussain and supergaussan sources, but also to standard PCA and MCA (Minor Componrent
Analysis). In terms of neural implementation, the update rule (13) can be modified easily so that the

weight veaors of the neurons, which are wlumns in the matrix W(t), are ommputed sequentialy in a

hierarchic order [6].

44  FIXED-POINT (FP) ALGORITHMS

Fixed-point algorithms are seaching the ICA solution by minimizing mutual information
among the estimated components [18]. Mutual information is defined by means of approximating the
(differentia) entropy using the maximum entropy principle. Ultimately, the task reduces to separately
maximizing the negentropy of ead component, which is arather delicate problem. Convergenceis at
least quadratic.

The FastICA leaning rule finds a diredion (i.e. a unit vedor w) in such away that the pro-

jedtion of w'x maximizes a particular contrast function Jg (w):

36 (w)=[Elelw™x}- Elc( If (19

where the variance of w'x must here be mnstrained to unity. The following optimal choices of the

function G were proposed by Hyvérinen [31]:
G, (u)= (/& )log coshayu,  G,(u)=(- J/az)exr(- & Uz/z)’ Gy(u)=u’/4 (15
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where 1£ a, £ 2, a, @l are some suitable constants. The expedations are in practice replacel with

their sample means, hence the FP agorithm is not atruly neural adaptive dgorithm. The leaning rule
consists of a decorrelation method, e.g. a deflation scheme based 0 a Gram-Schmidt-like decorrela
tion, which amounts to estimating the cmmponents one by one. Asaume that we have etimated p

vedors (independent components) w,,W,,...W ,, we run the one-unit FP algorithm for w ., and
after every iteration step substradt from w ., the projedions wLﬂijj , 1 =12,...,p of the pre-

viously estimated p vedors, and the renormalize w ., :

LWy =W, - 5 WiW W, 2. Wy = _ e (16)
There is available dso a stabili zed version of the FP agorithm developed in order to ameliorate the
rather uncertain convergence of the Newton method on which the FP algorithm is based. Symnetric
deaorrelation is also possble when there ae no particular diredions envisaged. Although the dgo-
rithm was motivated as a short-cut method to make neural learning for kurtosis minimization and
maximizaion faster, its convergence was proved independent of the neural algorithm and the well-

known results on the cnnedion between ICA and kurtosis[18].

45 INFOMAX (BS) ALGORITHM

An important class of algorithms is based on maximization of network entropy (infomax)
[11], which is, under some @nditions, equivalent to the maximum likelihood (ML) approach. The

basic ideaof infomax is to match the slope of the nonlinea transfer function g with the input prob-

ability density function, which in one dimensionally may be written asy = g(x; w) @0f« (x) dx

¥
The Bell Sginowski (BS) nonlinea information maximization algorithm performs online sto-
chastic gradient ascent in the mutual information between outputs and inputs of a network. By mini-
mizing the mutual information between its outputs, the network fadorizes the input into independent
components. Considering a network with the input vedor x, a weight matrix W, and a monotonicdly

transformed output vedor y = g(Wx +w0), then the resulting leaning rule for the weights and bias-
weight, respectively, are [4]:

DW [WT]'1 +x(1- 2y)", Dwyp1-2y (17)
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In the cae of bounded variables, the interplay between the antihebbian term x(l- 2y)T and the

antidecy term [WT]'1 produces an output pdf that is close to the flat constant distribution, which
corresponds to the maximum entropy distribution.
Originally, the nonlineaity proposed for the dgorithm was the typicd sigmoidal function

used in neural networks;

1
= 18
Q(Y) 1+exr(— y) (18)
but later on, in its extended version, a better performing form was introduced:
g(y)=y+tanh(y) (19

The updated informax ICA algorithm has been refined with the natural gradient feaure of
Amari, Cichocki & Yang [15], the extended-ICA agorithm of Leg Girolami & Sejnowski [32], and

PCA dimension reduction.

4.6 NATURAL GRADIENT ALGORITHM (ACY ALGORITHM)

Amari, Cichocki and Yang [15] altered the BS agorithm by using the natural gradient instead
of the stochastic gradient reducing the complexity of computations and significantly improving the
spedal of convergence The on-line ACY algorithm minimizes the statistica dependency among out-
puts of the network, which is measured by their average mutual information. The Gram-Charlier ex-
pansion instead of the Edgeworth expansion was employed in evaluating the marginal entropy for the
estimation of the MI. The dependency can be dternatively expressed by the KL divergence between
the joint and the product of the margina distributions of the outputs, which is sSmply related with the
average MI. The KL divergence suppgementary has sme invariant properties from the differential-
geometricd point of view [26]. The minimization of KL divergence mmes out with an ICA algo-

rithm for estimating the separating matrix in the whitened space

ow@)u |l - aWE)xE) We)xQ) | we) (20)

Two different functions were used instead of the theoreticd contrast function proposed by the au-
thors [15] because of too high powers involved that cause in pradice astrong dependence on only a
few large values:

)= itanh(y), supergausancomponent

aly (21)

| :
iy3, subgaussiacomponents

The dgorithm has the property of equivariance ad can be eaily implemented on a neural network-
like model.
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4.7 MAXIMUM LIKELIHOOD (ML)

Maximizing the likelihood can be seen as minimizing the KL divergence between the hy-
pothesized dstribution of the sources and the enpirica distribution of the output. Two algorithms
performing ICA for source separation, which combine the techniques of fixed nonlinea contrast
functions and the ML approach, were included in our tests. They are cdled the Pearson-system |CA
algorithm [33] and the Extended Generalized Lambda Distribution (EGLD) algorithm [34]. In the
ML approach the source distributions are estimated by a parametric model and the score function of
the hypothesized source distribution is used as a mntrast function which is subjed to optimization by
a suitable dgorithm. Many different approaches to solving the ICA model are esentialy equivalent,
in the sense that they conclude with the same iterative dgorithm [17].

The Peason system is a parametric family of distributions that may be used to model a wide
classof sourcedistributions that may be symmetric or asymmetric, covering alarge range of diff erent
values of kurtosis and skewness The benefit of using Peason system consists in its ability to sepa-
rate sources with skewed dstributions and the same kurtosis as the normal distribution. The score
function of the Peason system is.

N y-a

j (y)=- by +b,y +byy (22
where a,b,,b, and b, are the parameters of the distribution, which may be estimated by the method

of moments [35]. The dgorithm optimizing this criterion could be ay suitable ICA agorithm using
ML contrasts like the natural gradient [36], or the relative gradient [2] agorithm with the update

rule:
W(+1)=w@)+hli - ('] w) @3

where j (y) is the vedor of score functions and h isthe leaning rate, or, asin our experiments, the

fixed-point algorithm [18] with the update rule in the form:

w(t+1)=w()+D[Ef (v)y'}- diagefj (v )y} () (29
where D = diag[1/(E{j (v;)y.}- Efi €y ).

The extended generalized lambda distribution is used as in Peason-system based method for
modeling the source distributions in a ML approad to ICA. EGLD modeling provides a useful con-
nection between pradicd estimator and theoreticd measure of independence [34]. EGLD is alarge
family of distributions covering the whole spaceof the third and fourth moments, having extensive

use in fitting empiricd data and in artificial generation of various distributions [37], [38]. The latest
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extension due to Karian and Dudewicz [39] is a cmbination of Generalized Lambda Distribution
(GLD) and Generalized Beta Distribution (GBD). The GLD is defined by the inverse distribution
function:
Is_ (1. pY4
Fri(p)= s, + 2 p) 29
2

where O£ p£1 and /,,/,,/; and /, are the parameters of the distribution. In pradice, it is not

possble to present the density or distribution functions of GLD in an analyticd genera form; fortu-
nately, observations are eaily generated from GLD employing the inverse distribution function [34].

On the other hand, the GBD is charaderized by the density function:

b +b4+1)(x_

f(x)=cb;! b,)" (b, + by - X)"* (26

on theinterva [b1 by + bz] and zero elsewhere, whereas C is a mnstant.

The estimation of the parameters for both GLD and GBD is done using the method of mo-
ments, where the four first sample moments are cdculated from the data. However, due to the intri-
caqg of the mmputational process the parameters for both GLD and GBD are tabulated as functions
of the third and fourth moments [40], assuming variables of zero mean and wnit variance. The under-
lying source distributions are estimated through the marginal distributions by fitting them to EGLD
family using the method of moments. When the EGLD is fitted to data, the doice between GLD and
GBD is made based on the values of the third and fourth moments. The score function j (y) of the
EGLD stands as an ICA contrast function for maximization. The optimizing algorithm can be any
adequate dgorithm where ML contrasts are utilized. We preferred the FastICA algorithm with the

convergence citerion set to the symmetric mode, e.g. € =0.000001.

5 BasisVedorsof ICA

The basis vedors a,,a,,....a,, (mixture wefficients) of the linea ICA model provide in

many cases a more meaningful charaderizaion of data than the dasdgcd principal components. If the

weight matrix B(t) converges to a separating solution B, then the estimates of the basis vectors {a, }

are the columns of the pseudoinverse A =BT (BBT )'1, which reduces to A=B"" if B is a square

matrix (e.g. M =N ). This method is nevertheless unsuited for neural implementation due to the
required matrix inversion.
A simple stochastic gradient algorithm was developed [41] for neural estimation of basis vec-

torsin independent component analysis:
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At +1)=A0)+ ) xt)- AQ)yQ)y (N 27

. : i A RO .
based on the minimization of the mean-square representation error E{ ||x(t) A‘y(tm % with a posi-

tive rate of leaning nt)>0. As before, the mlumns of the matrix /-Zi‘(t) are the estimates of the

basis vedors of the linea ICA model after convergence

6. Assessnent of ICA Algorithms
6.1 STATISTICAL INDEPENDENCE

If the multidimensional random variable x| ™ has a probability density function f, (x),
then the independence of the N scdar random variables x , i =1,2,... N, that is, the cmponents of x

having the probabili ty density functions f, (>q ) respedively, is defined by the fadorization:

(0)=0 1, ) @9

The fadorization of f, (x) appeas as away of splitting a multivariate function into univariate func-
tions, which can subsequently be analyzed and processed separately. In many problems the independ-
enceisinvoked aiming to enforce mmputational tradabili ty.

A meaningful treament of the concept of independence relies on information theory, which
means deriving the aiterion for statisticd independence from the statisticd properties of data [42].
Entropy is such a aiterion based on the anount of information contained in some occurrences of a
random variable. Entropy does not exist for continuous random variables, but differential entropy

does. In the cae of a multidimensional continuous random variable x with density f, (x), the differ-

ential entropy is defined as:

H(x)=- Ofx (W)log f, (u)du (29
Differential entropy is invariant to orthogonal transforms and it is upper bound, but is no longer in-
variant to invertible transforms as entropy isin the cae of discrete random variables. Therefore, two
other concepts are employed as contrast functions that are exdowed with the invariance property,
namely negentropy and mutual information.

First, recdl that the Kullbadk-Leibler divergence of two random variables v and z, with densi-

ties f,(u) and f,(u), respedively, is given by

K(v12)=K(f, @)1 1, ()= @fv(u)m,;v_ggdu 0
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Though ot redly a distance since it is not symmetric, it turns out that the Kullbadk-Leibler diver-
gence behaves as a statisticd measure of the "distance’ between two distributions. In this ense, we
will cdl it KL distance between two random vedors. KL distance is always nonnegative and takes
the value O iff the distributions are identicd.

For a multidimensional continuous random variable x with the density f, (x), to which is as-

sociated a gausgan variable x5 with the same @variance matrix like X, the negentropy is defined as:

3K)=Hxe)- H)= 3 (iog Y du = K (x o) (31

fie ()
Negentropy is always nonnegative, reades its minimum for a gaussan random variable, and is in-
variant to linea invertible transforms. In the &ove formula, the negentropy appeas as a measure of
the distance from normality of the density f, (x), which is expressed in the form of KL distance Ac-
cordingly, the negentropy J (x) can be used as a measure of departure from gaussanity of a multi-

variate continuous random variable x.
The average mutual information is related with entropy, and in the cae of two variables it

measures the anount of information conveyed by an occurrence of one variable @out the other:
1(x,y)=H{x)+H(y)- H(xy) (32
where H (x,y) is the joint entropy of the variables. For the general case of N (scdar) random vari-
ables x, i =1,2,... N the mutual information is
()= & H)- H(x)=c‘)fx(x)log—-fxﬁ(x)—jdx=K8?<|C)>q% 33
i O f,, % & 2
It comes out that mutual information is symmetric, zero iff the fadorization of the joint density

fx(x) holds, that is, when the components are independent, and it is grictly positive otherwise. The

independence mndition can now be formulated using the information concepts. Comparing the form
of negentropy as in (31) and the mutual information (33), it comes out that if a gaussan multivariate
is areasonable gproximation to the product of the marginal densities, then negentropy is a meansto
estimate the mutual information and, implicitly, a measure of independence.

If we consider now the basic linea ICA model y =Bx, the mutual information between es-

timated independent components vy;, i =1,2,...,N becomes:

H(y;)- H(x)- log|detB) (34)

Qo=

0 Yor) =8 H ) HO)=

=1 1
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If the scdar random variables vy;,i=12,..N are nstraned to be uncorrelated, then

| =E{yy"}=BE{x" ]8T, hence detl =1= (detB)(detE{xx" })(detB™), which implies that detB

must be onstant.
N
1(Y1,¥2,--¥n )= @ H(y;) + constant (39
i=1

where the mnstant that does not depend on B [44]. Moreover, since the y;'s are asumed of unit

variance, entropy and negentropy differ only by a constant and the sign. It comes out the fundamen-
tal relationship between negentropy and mutual information:
N
(Y, Ys.-yn ) =- & J(y; )+ constan (36)
i=1
It explicitly means that minimizing peirwise the M1 of the random variables vy, ,y,,....yy equatesto
maximizing the sum of their individual negentropies H (yi ): - E{Iog fy, (yi )} . But becaise agaus
sian density has maximal (differentia) entropy, this means minimizing the gaussganities of the ran-
domvariables y;, i =1,2,...,N.

Note that, if instead of the estimated densities fyi( i) we plug in the true dengities, say

f;i ( i), of thesources s, i =1,2,...,N , then the objedive function in (35) may be put in the form:
& X
I(yl,yz,...,y,\,): a [ E{Iog fy, ( i)}]+constan' (37)
i=1
This is the negative of the log-likelihood (for large sample size), thus minimizing M1 is equivalent to
Maximum Likdihood
The gproximations for negentropy introduced by Hyvérinen [31] for a scdar random vari-
abley with zero mean, unit variance, and p functions G; are:
d
3(y)» a k[E{Gi (v} - EfG (vo }° (39)
i=1
where G, are pradicdly any nonquadratic functions, k; are some positive onstants, and yg isa
gaussan variable with zero mean and wnit variance a y. When using only two nonlinea functions,

e.g. an odd one, G, = yexr(— y2/2), which measures the asymmetry, and an even one, G, :|y|

which measures the sparsity/bimodality of an 1D nongaussan distribution [31], the gproximation of

entropy becomes smpler:

H(y)» H(Ye)- [k (G, () + ko (Bl () - G, (ve Y] (39
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Based on some heuristic grounds, the simplified forms of two pradicd implementations of (39) used

in our experimental evaluations were the following:

Ha(y)=H(ys)- gkl[E{yexr(- v/2)f +k¢[elyl- v2ip ]25
-1 bk 2l -l ). 521

(40)

with Kk, :36/(8\/5- 9), k& =1/(2- 6/p), k2 = 24/(16\/5- 27) and where the expresson
H(yG):%(l+Iog(2p)) is the entropy of a standardized scdar gaussan variable. We based our

ranking on the strict monotonicity of negentropy (38) as function of the gaussan charader of the
estimated independent components. Though the asolute values of negentropy are eventually ques-
tionable and not entirely reliable, the monotonicity of negentropy is able to relatively rank the

performance of various algorithms.

6.2 KNOWN SOURCES

When the original source @mponents are known (such as in the cae of artificialy generated
data, the acaracy of separating power of the independent components of an ICA algorithm can be
measured by means of various indexes. We will assume heredter M =N . One index used as a

global figure of merit for the separation performance may be defined as signd-to-interferenceratio:

SIR=- —a 10log s a>(Q' Y (dB) (41)

N 2y max{Q f

where Q =BA isthe overal transforming matrix of the source @mponents, Q isthei-th column of
Q, ma>(Qi) is the maximum element of Q; , and N is the number of source signals. The higher SR

is, the better the separation performance of the dgorithm. A second index, CTE, which was used to
measure the acaracy of retrieving the independent components, is the distance between the overall
transforming matrix Q and an ided permutation matrix, which is interpreted as the crosstalking er-
ror [45]:

CTE= aGa |‘| 6 a a Q] -19 (42
mag|

i= 1& =1 g i= 18 1ma>+QJ| +

Above, Q; istheij-th element of Q, maxQ | is the maximum absolute valued element of the row i

in Q, and ma>+QJ-| is the maximum absolute valued element of the @wlumn j in Q. A permutation

matrix is defined so that on ead of its rows and columns, only one of the dements equals to unity
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while dl the other dements are zeo. It means that CTE attains its minimum value zeo for an exad

permutation matrix.

6.3 RANKING THE ESTIMATES

Ranking the estimated independent components was another criterion used for asessng the
reliability of ICA algorithms. Friedman [46] proposed a robust structural measure to arrange the
ICA basis vectors. The ideais to first sphere the data and then to map them into the interval [O, 1]

with the gausgan cumulative density function F (v) For T redizations of a (scdar) random variable

Yi (t) the proposed scheme leads to the index for the k-th estimated independent component:

T <« n2
é
E(v)=8 g, - ¢ - Ly (43
where {s,} are the indexes of the ordered {y, (t)} insuch away that v, (i)£ v, (j) iff s, £s,. The

higher E; (yk) is, the more structural information contains the k-th estimated independent compo-

nent
It is meaningful and useful to rank order the components by the extent of their contribution to
the original data. The contribution of the estimated component y, (t) may be expressed in two alter-
native ways [47]. It can be etimated by the root mean square (RMS) of the data set reconstructed
solely from this component x = /§‘y in which y has only one nonzero row corresponding to the g-
propriate wmponent. Alternatively, it can be regarded as the RMS error introduced per data point
when the data x are reconstructed without this component (e.g. y has only one zeo row correspond-
ing to the gopropriate cmponent):
) 12
1 €N T 29
E,(v)==_ea & ck) u (44)
TxN a
gi=1t=1 H
where Cj'i isthe dement of an N~ T matrix computed from the outer product of the k-th independ-
ent component and the k-th column of A that is CJ'-§ = B}lekt. The higher E, (yk) is, the higher the

contribution of the cmponent vy, (t) to the observed data.

7. Results and Discusson

In our simulations, we used 6 dfferent artificially generated time series of 512 samples ead,
both subgaussan and supergaussan (Fig. 3). Their analyticd expressons in Tables 1 and 2 are in
MATLAB language.
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Figure 3. Artificidly generated signals (left) and their histograms (right). Both subgaussan (up) and
supergaussan (bottom) signal distributions were mnsidered as displayed by their histograms and
characterized by their kurtosis.

Table 1. The analytica form and the 3-rd and 4-th order cumulants of the subgaussan sources.

Soucesignd Kenness Kurtosis
Modulated sinusoid: S(1)=2* sin(t/149)* cos(t/8) 0.024637 - 0551312
Square waves. S(2) = sign(sin(12* t + 9* cog2/29))) 0.015638 - 1.99656¢
Saw-tooth: S(3)= (rem(t79)- 17)/23 0.101021 - 1.19107%

Table 2. The analytica form and the 3-rd and 4-th order cumulants of the supergaussan sources.

Soucesignd Kenness Kurtosis
Impulsive wrve: S(4) = ((rem(t,23)- 11)/9)° - 001198C 2353211
Exponential decay: S(5)=5* exd- t/121)* cog37*1) 0055131 3410776

Spiky noise: S(6)=((rand(1,T)<.5)* 2- 1)*log(rand(1,T)) 046429 2228476




A comparative survey onadaptive neural network algorithms 61

The signals were mixed by a fixed square matrix A, with randomly generated elements within
the range [ 1, 1] for proper scding, and having del(A) > 1 for nonsingularity:

®
o
)
o))
al
o

: -02549 08715 03988 04422 - 00659 U
€. 04558 -07068 - 06365 07509 00538 07672 U
a8 06531 -08278 -05370 - 08373 - 01628 - 05906 ¢
€ 05700 - 06150 - 06972 01253 - 06943 07593 |
€.09669 - 05057 - 02333 - 03829 03270 - 06620 U
€ 06294 -08700 04146 08457 - 01134 00999 §

The dgorithms used in our smulations were partly downloaded dredly from their origina
sites (Table 3), some of which were modified, and partly implemented in MATLAB 6.0. All codes
for generated data and statisticd processng were parts or modified versions of MATLAB codes.

Table 3. The origin of code sources for the neurally implemented | CA agorithms.

Algorithms Type Souce

FastICA original http://www.cis.hut.fi/projeddicafastica

BS modified http://www.cnl.salk.edu/~tewon/ica _cnl.html

ACY personal as described in[12]

EAS modified http://sig.enst.fr/~cardoso/guidesepsou.html
Peason-ICA modified http://wooster.hut.fi/statsp/papers/Peason_|CA.zip
EGLD-ICA modified http://wooster.hut.fi/statsp/papersEGLD _ICA.zip

The simulations were caried out in two steps. First, we used SR, CTE, and the sum of indi-
vidual negentropies of the estimated components for eat algorithm under test in order to determine
its optimal performing nonlineaity and/or contrast function. For the sum of the individual output

negentropies we listed both J, and J, values corresponding to the different expressons H, and
H, which approximated the entropy. The results were averaged over 120 full sessons with 5

nonlineaities per sesgon and per algorithm. The best choices are presented in Table 4.
Oncethe best performing contrast function was determined for ead algorithm [48], the sepa-
ration accuracy of the source mmponents was comparatively measured using SR and CTE, whereas

the components ranking was caried out on the basis of the indexes E; and E, among al ago-
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rithms. The results presented in Table 5 are the means and standard deviations corresponding to 500

full runs. The hierarchy corresponds to the deaeasing order of overall performance

Table 4. The optimal performing nonliniarity for ead algorithm under study.

Sum of negentropies

Algorithms Nonlineariti es and score functions

‘]a ‘]b
FastICA aly)=yexd- y?/2) 167£0.028  1.25%0.012
BS-Infomax g(y)= yztanh(y) 1.0%0.23 0.8+0.35
ACY aly)=y- tanh(y) 0.8+0.50 0.6+0.19
EAS g(y)=- tanh(y) 0.5+0.48 0.4%0.35

jy)=- 22
Peason-1CA by, +by+b,y 0.96+0.075 0.8+£0.66
1 p's (1' p)l4

EGLD-ICA Fi(p)=1.+ 10240095  0.89%0.23

Table 5. The asesgnent of ICA agorithms and ranking of the estimated components. Both the
mean values and the standard deviations are indicaed for the indexes SR and CTE. The indexing of

the components corresponds to their counterpartsin the input sequence

Algorithms SR[dB] CTE E, E,

FastICA 17.1+£351 0.65%0.12 Y6:Y3,Y5:Y2,Y1:Ya Y3:Y5:Y2,Y1:Ya: Y6
BS 122+4.72 1.12+0.33 Y6:Y3:Y5:Y2:Y1:Y4 Y3:Y5:Y2:Y1:Y4: Y6
ACY 135+3.86 0.90+0.41 Y6:Y3,Y5:Y2,Y1:Ya Y3:Y5:Y2,Y1:Y4:Ys
EASI 7.02£5.30 2.30+£1.39 Yo:Y3:Ys5:Y2:Ya: Y1 Y3,¥5:Y2:Y1,Ya:Ye
Peason-ICA 7.93+2.88 2.14+1.74 Ys1Y3:Y5:Y2: Y4, Y1 Y3:Y5:Y2,Y1:Y4: Y6
EGLD-ICA 8.21£3.75 2.10x1.56 Y6:Y3,Y5:Y2:Y1:Y4 Y3:Y5:Y2:Y1:Y4:Ye
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6 Conclusions

In recet yeas, new leaning algorithms for solving the ICA problem have been proposed,
yet their theoretica properties, range of optimal applicability, and comparative asessnent are ill
largely unexplored. We limited our study to the most popular algorithms for the time being.

To date the best ICA agorithm in terms of convergence, computational requirements, and
parameters to be tuned is the FP FastICA with symnetric orthogonalization and exporential nonlin-
eaity. Its gabilized version converges always to a definite subspaceof meaningful components even
if the statisticd independence is wed. Though the BS and ACY algorithms are optimal in terms of
mutual information, their computational cost is higher whereas the results are similar with the FP.
Moreover, like dl neural unsupervised algorithms, both BS and ACY agorithms are heavily depend-
ent on the leaning rates and their convergence is quite ow. The Peason and EGLD agorithms
employing the ML principle separate arelative wide dassof nongaussan source signals of large in-
terest, even skewed dstributions with zero kurtosis. However, Peason system's ability is to model
distributions that are dose to normal distribution constrains its applicaions snceit has no particular
advantages for modeling dstributions far from normality. As both estimators for parameters and
score function are smple rational functions both Peason-ICA and EGLD agorithms are mmputa
tionally fast. However, the eror margins are sensibly larger than in the cae of FP, BS and ACY al-
gorithms.

ICA as a means for performing BSSis a rapidly emerging new application domain of unsu-
pervised neura leaning. Theoreticdly, ICA should be useful in quite dl applicaions as gandard
PCA and even beyond. First, observe that the assumption of mutual independence between sourcesis
a dtatigticdly strong hypothesis but very plausible in red world, particularly in the cae of physicdly
separated sources. This makes any ICA performing algorithm extremely attradive for data analyss.
Then, the model and the neural algorithms analyzed are referring to stationary linea noiselessICA
model. Challenging directions of further research are d least oriented towards modeling the dfea of

noise, nonstationarity, and nonlineaity in ICA.
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