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Some aspects of the neutrino oscillation phenomena are studied in this contribution in the framework of
guantum mechanics wave packet formalism. Based on the experimental arguments we consider the implications of the
threefold maximal mixing scenarios in this formalism. Some possible predicted consequences are discussed.
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1. Introduction

Neutrinos can oscillate if neutrino mixing is realised in nature, i.e. if the left-handed components (L) of the
flavour neutrino fields (a =e U, T) are superposition of the left-handed components of the fields of neutrinos with
definite mass (a):

VaL = ZuaaVaL :
a

In thisequation U isthe neutrino mixing matrix.

Neutrino oscillations are possible only if the processes of neutrino production and detection are coherently in
the Heisenberg uncertainty relation sense. The quantum mechanics of neutrino oscillations have been studied in severa
papers, see for example [1] and reviewed in [2]. Alternative derivations of neutrino oscillations in the framework of
quantum field theory also exist.

The standard theory of neutrino oscillations in vacuum has been developed on the basis of following main
assumptions:

- Neutrinos are extremely relativistic particles.

- They are produced in charged-current weak interaction processes. For neutrino state |Vk> with mass m,

their energy and momentum are connected by the relativistic dispersion relation E = p? + N . Because
in oscillation experiments neutrinos propagate along a macroscopic distance between production and
detection, only one spatial direction along the neutrino path is considered.

- The approximation t [JL is used. This approximation is justified because in rea experiments, the

propagation time is difficult or impossible to be measured, but currently the source-- detector distance L
is known.

- The massive neutrino states have the same momentum ("equal momentum assumption"), but different
energies, or aternatively, the same energy, but different momenta. From these different hypotheses,
different oscillation probabilities and consequently controversial claims could be found in the literature.

A simple quantum mechanical treatment of neutrinos as plane waves is currently used. The massive neutrino

states |Vk > evolve in time according to the Schrodinger equation, whose solution is

v @) =e"™v,).

The oscillation probability for the process between the states V, « V5 is.

il

Pe(L)= Y Ve V| + 2ReZ|U;aU 2UUs

asafunction of thedistance L, with A, =m? —mp.
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In this contribution, the phenomena of neutrino oscillation are studied using the rigorous treatment in the
framework of quantum mechanics, utilising a wave packet formalism. Based on the experimental arguments, we
consider the implications of the threefold maximal mixing scenario in this formalism. Some conclusions have been
derived.

2. The wave packet formalism of neutrino oscillations

The wave packet formalism has been developed in 1981 by Boris Kayser [3]. _
In this formalism, a neutrino state is constructed with momentum distributed around a mean value of the pa,

supposing a Gaussian form, where O is the width of the distribution. The average momenta of the different mass
eigenstates are determinates by the kinematics of the production process.
The transition probability is space is obtained from the average of

P (L) DA, (L)

over the unmeasured propagation time. From the time integration of transition probability, in the rdativistic

approximation, on obtains:
U L
[exp 3 27i I;SC - Ic‘ohé—ZHszwE%QE
H Lo O a O F

Paﬁ (L): Z|Uaa|2

uBa|2+2ReZ|u;auﬁauabu;b

where
Lo =7, aretheosillationslengths
|Amab|
and
4N2E’
Lo = V2 O, are the coherence lengths.

- fom

The parameter pr characterises the kinematics of the production and detection processes [4].

Some comments are necessary about the width of the neutrino packets. The initial neutrino state is a coherent
superposition of mass eigenstates. This is possible because neutrino masses are small and the differences between the
momenta of different mass eigenstates is smaller than the momentum uncertainty of the production process due to its

localisation in space. Denoting the spatial interval of the source by AX  oqcion - We have the momentum uncertainty

AP, oduction U }/m(pmdumon. and two mass eigenstates V, and V; ae emitted coherently if

| P ~ P; | < AP, quetion - This condition imposes a condition for the squared mass difference of the neutrino states. If

the momentum uncertainty in the production processis too small, different mass eignstates are emitted incoherently by
the source and neutrinos do not oscillate. Implicitly, we have assumed that all the mass elgenstates are produced at the
source at the same space-time point and detected at the same space-time point. Because both the production and
detection processes have uncertainties in space and in time, different mass eigenstates can be produced and detected
coherently at different location in space and time within the uncertainties. Thus, asimilar discussion is necessary for the
detection point. The maximal separation alowed for interferenceis:

2
Of =07 +05 =[O = DX AL + X + AL

Comparing this transition probability with he results obtained in the frame of the plane wave formalism, we
can see that two additional terms appear. The first factor
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0 L L
expl+ C
Lcoh
5 O-» OE
is connected with the fact that two wave packets, each with different momentum and energy, have dightly different

group velocities. It means that after some time, or equivalently after a sufficient long distance between the source and
the detector, the mass eigenstate wave packets do not longer overlap and cannot interfere to produce oscillations. Very

important, a measurement can restore the coherence, because this limit distanceis proportional with 0, , (the precision
of measurement of momenta in source and in detector).

The factor
0 o OC
exp3 2r? pszT; C
] Loy OF

L%
can see that to observe the oscillations, the localisation of the source and of the detector must be much better than the
oscillation length. If 0, > Loy
iswash away.

is approximately equal to unity if 0, << . Thisinequality must be satisfied to observe any oscillation. Also, on

the wave packets of neutrinos a and b lose coherence, the oscillation between them

3. Thethreefold maximal mixing hypothesis

3.1 Up-to-date constraints from experimental data

Theliteratureisrifewith both experimental and theoretical claims regarding neutrino properties, many of them
in conflict with one another. The current experimental data suggest some conclusions, but these are not decisively
established.

In the following discussion, we suppose only three neutrinos families and do not consider the existence of
additional neutrinos, sterile otherwise.

From recent data of the Super-Kamiokande Collaboration [5] and from CHOOZ [6], atmospheric neutrinos

rarely oscillate into eectron neutrinos, the main argument being the I/E -flatness of the event ratio. If the presently

observed results is confirmed, the possible interpretation is that the atmospheric muon neutrinos suffer maximal, or
nearly maximal, two-flavour oscillations into tau neutrinos; and the relevant mixing angle satisfies the relation:

sin?(29)>0.82
and the required neutrino mass-squared difference A, satisfies the condition:

5x107eV? <A, <6x107°eV?.

Oscillations are needed to resolve the discrepancy between the observed and computed solar neutrino fluxes
[7]. The first date from SNO experiment [8] have dramatically confirmed the long-standing HOMESTAKE solar
neutrino experiment., SAGE, GALLEX and GNO experiments.

From this data, the relevant neutrino squared-mass difference isin the range:

6x10™MeVi<A,,, <2x107eV?

The LSND experiment [9] claims direct evidence for V, « V, ostillations in a region which is partially

unconstrained by other experiments.
If al the up-to-date constraints from solar, atmospheric, reactor, accelerator data are considered in the analysis

of high energy neutrinos (E >10° GeV) which come from cosmologically distant astrophysical sources such as
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Active Galactic Nuclei and Gamma Ray Burst fireball (typical distanceis 100 Mpc), the all owed region [10] is a

small area aound the fluxes values: CD(Ve) DCD(VH)DCD(VT)D%.

Careful studies of many nuclear spedes have failed to deted neutrinoless double beta decy. These
experiments provide boundson M ., the €& component of the Majorana neutrino massmatrix in the carged lepton

flavour basis - a weighted average of neutrino masss. The Heidelberg-Moskow experiment reported the Majorana
nature of the dedronic neutrino [11], but these results must be onfirmed.

3.2 The threefold maximal mixing
Such mixing implies gedfic forms for the lepton mass matrices, corresponding to a cyclic permutation

symmetry among the generations. In acoord with Harrison, Perkins and Scott [12] the mixing matrix could be written
as.

1 B“’l wl wl E

u :Tﬂ*’l W, ;[

3
Mo @,

where UU " =1 and the w, (i = 1,2,3) are the omplex cube-rod of unity.
In the maximal hypothesis, the mixing is maximal in that all the dements of the mixing matrix have equal modulus

1
U/ =

ﬁ.
In the plane wave formali sm, the transition probabiliti es are;
o =Ple - &)=P(u ~ u)=P(r - 7)=
_ _ _ .1 2
= P(e - e): P(/J - /J): P(T - T):§+§(012+C23+C31)

o =Ple—~ u)=P(u - 1)=P( - €)=

_ _ N 1 1
:P(e - T):P(T - /J):P(/J - e)zé_g(clz+Czs+031)+_(512+523+%1)

2l

r"=Ple-1)=P( - u)=P(u - €)=
1

_ — . 1 1
:P( - U):P(IJ - ):P(T —»6)25—5(C12+C23+C31)——(S_2+523+%1)

w

2 2
where. C,; =CO M, E—’ZEand S, =sin M, E—’ZE
2 E 2 E

In these hypotheses, the transition probahiliti es have the foll owing properties:
Foral L E values, the requirement imposed by the mnservation of the probability, |p|2 + |q|2 + |r|2 =1.

For any neutrino, the relation: P(V N V'): P(V - \7) is satisfied, consequence of the CPT invariance In any

disappearance eperiment, the transition probability is a universal function of L E For appearance periments, this
impliesthe CPand T violation.



Neutrino oscillations 13

4. Results and discussions

In the wave packet formalism, in the threefold maximal mixing, the transition probabilities are:

|2_1 2

=—t— (C12 lee.LZ + C23 fzsezs + C31 f3le3l)

P 2t g

11 1
|qw|2 =57 (C12 lee.LZ + C23 fzsezs + C31 f31931)+ (C12 f12e12 + C23 fzsezs + C31 f3le31)
39 33

2
ol

1 1 1
= 5 - 5 (C12 lee.LZ +Cyq fzsezs +Cy f3le$l)_ ﬁ (C12 lee.LZ +Cyq fzsezs +Cy f3le31)

where

0 o [C 00, 3C
f, =expF ZHZPZMET;E[ and g =expFE_-HLC
H L E H Ly E

15
and the standard "1.: 3 X 5 probability oscillations prediction [12] is modified.

On can observe that the symmetry characteristics to plane wave formalism is lost, but the simple structure of
these equations remains.

Detailed predictions depend on the character of the neutrino mass spectrum and the widths of the distributions.
We also consider the case that the neutrino spectrum exhibits a pronounced hierarchy, similar to that of the charged

leptons and the quarks, sothat: ~ Amg, -Am;, = Am? and Ay, = Am?* << Am? [1].

(2 7t
m L
The analysis of the term % E as afunction of theratio E reduces the problems to the standard case analysed

by Harrison and al. [12].

It is necessary to introduce some explicit considerations, to give any other prediction. We consider the
production process, because in the mgjority of experiments neutrinos are produced in charged-current weak decays.

+ +
A -, +y,

where A" isthe decaying particleand | ; isthe lepton state that determines the flavour of the produced neutrino.

To be detected, charged-current or neutral-current weak processes are used, which have an energy threshold larger than
some fraction of MeV . A possible processis:

vB+X N B+IB,

generally with X at rest, at a space-time distance from the production process.
A possihility is the case when the production process is unlocalised, as for example the experiments with

atmospheric neutrino and thus O - 0. If the momentum of A" particleis determined with high accuracy,

a, production

asin accelerator experiments, its position is practically unlocalised (0 . — ).

In most situations, the localisation of the A" and | are the same order of magnitude and o . Uo ..

va
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If the particles taking part to the detection process are unlocalised, the limit is O — 0. If the X particle (at

p,det ection

rest) is localised, but are unlocalised final detection particles, thus Upl, =0. In aredligtic case, production and
B

detection occur in matter and all the detection particles have uncertainties of the same order of magnitude, aswell asall
the production particles.
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