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Abstract. The modulational instability in a nonlinear Schrédinger equation with a fourth
order dispersion term (extended NLS eq.) is studied, from a statistical point of view. An integral
stability equationis found, which is solved for different choises of theinitial spectrum. The results are
compared with the similar ones obtained for the usual NLS equation. In the extended NLS case an
instability region, even for short wave length, is fourd, in contrast with the NLS equation when the
instability is possible only in the long wave domain.
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INTRODUCTION

It is well known that the development of a self-organized structure in a
nonlinea system is preceded by an instability. When the propagation of a quasi-
monachromatic wave in a weakly nonlinear medium is considered, this is the so-
called “modulational ingahility” (MI) or Benjamin-Feir instability [1]. It is a
common phenomenon observed in various fields of physics. hydrodyramics,
plasma physics, nonlinear optics, quas one-dimensional nonlinear molecular
chains, etc. A plane wave solution with constant amplitude (a Stokes wave) is
unstable & small modulations of the amplitude. Two distinct ways to study this
problem are possible. The first is a deterministic goproach. A linea stability
analysis around a Stokes wave is performed and a linea homogenous g/stem of
couped equations is obtained. Usually the system is unstable in the long wave
limit, and the instability depends also onthe systems parameters. This approach is
well known and appears in any textbook on nonlinea wave propagation (see [2] —
[4] and references therein).

A lessused approach is a statistical one. The statistica properties of the
medium where the instability develops are taken into account througha two-point
correlation function[5] —[11] and akinetic equation iswritten down for it. A linear
stability analysis around a trandational invariant initial condition is found. The
main result can be formulated as: the MI is possible only if the correlation
propertiesin theinitial state ae not of too short range.

In the present paper the problem of M1 will be discussed for two equations.
Thefirst isthe well-known norlinea Schrodinger equation (NLS)
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which is a generic equation describing the propagation d quasi-monachromatic
waves in dspersive and weakly nonlinea media. It is a completely integrable



system, having solitonic solutions. The second is an extenson d NLS eq.,
containing a higher order dispersive term
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where o although a small quantity cannot be treated as a perturbation. We shall see
that new feaures of MI will result for (2). These will be compared with a similar
analysis for the discrete self-trapping equation.
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whose long wave limitis (2) (a, - A(X), aw1 — A(Xzl), | isthelattice constant and
A(xzl) isexpanded in aTaylor series)

In the next section the deterministic approach of MI for (2) is briefly
reviewed. In the sedion threethe statisticd approach is used and several forms for
the initial spectrum are investigated (8-spectrum, restricted white spectrum,
Lorentzian spedrum). Some concluding remarks are given in the last sedion.

2. M1 of extended NL S eq. Deter ministic approach

The equation (2) addmits a plane wave solution A(X,t) = ag™ ) with
constant amplitude, but with an amplitude dependent dispersion relation
w(k) = Ak? —ak* —V|aj2 (a Stokes solution). To study the M1 we write:

A(x,t) = afL+ A (x,t)|gt (4)
and in first order of g, A;(x,t) satisfiesthe linea equation
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Looking for plane wave solutions
A(X,t) - Cle‘ (Q«-at) 4 Cze—i(Qx—Q*t)
the compatibility condtion gves
Q = 2)kQ- 4akQ(k?+Q?)+
Q- a6 k>+ Q)2 via” - Q2[h- a6 k*+ Q)]}

If a=0 this reduces to the NLS result:

Q(NLS) — 2/\kQ+ ||/\|Q 2%|812 _QZ (6)

An instability is associated with Im(Q) > 0. For the NLS case this is realized if A, v
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have the same sign (the focusing case) and if Q < 2X|al2 . As | is a small
quantity one sees that M| appears in the long wave regim of the perturbation.
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For eq. (2) if we denote aQ? =A —6ak” (a and A must have the same
sign) and
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two regions of instabilities exist, namely QD(O,QI) and QU (Q,,Q,) . Whilethe

first isin the long wave region, the secondis inn the short range region, and thisis
anew qualitative asped of the problem.

3. Statistical approach

In the statistical approach A(x,t) is considered as a randam variable. The
analysis contains sveral steps. First akinetic equation iswritten down for the two-
point correlation function
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where by <> we mean an ensemble average. This is obtained in the following
way: write (2) in the point X = X, and multiply by A (X,,t) ; add to it the complex
conjugated of (2) for X = X, and multiply by A(x;,t) and finally take an ensemble
average. Besides the two-point correlation function p(X,X,), four-point
correlation functions <A(xl) A (x)A(X)A (X2)> and

<A(X2)A*(X2)A*(XZ)A(X1)> will appea. If the randam process is Gaussian, an

exact fadorizaion of the 4-point correlation functions in products of 2-point
correlation functions exists, namely

(A A () ACR) A (%,)) = 2a2(%) p(%, X,) &)

where

a®(x) = (AX)A (%)) )
is the ensembl e average mean square amplitude.
We shall use (8) even for other random processes and this represents the
only approximation of the present analysis. In thisway, we get

%ﬁ% GX% %ﬁZ < %wa(xl) 2(x))o =0

(10)
The next step isto use aWigner-Moyal transform [12]. The center of mass

X1+X

and a Fourier transform over therelative coordinate is performed.

coordinate X = and the relative wordinate X =X, — X, are introduced

F(k xt) = %1 [ p(x, X, (1)



The initial correlation function is asamed to be trandationaly invariant,
depending only on the relative wordinate x. During the time evolution a
dependence on the enter of mass coordinate appears, growing exponentialy in
time.

Using the new variables X and x, and expanding the difference

?(X +§)—?(X —g) in a Taylor series, after a Fourier transformation of (10)

one obtains
a_F+2Ak—+ak% K2 %
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Further on we shall consider

F(k, X,t) = Fy(K) + eF,(k, X,t) (13)
where F,(k) is independent of X and t. It correspords to an initia 2-point
correlation function dependent only on the relative mordinate x (trandationally
invariant). From the definition (9) of ?(X) we have
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a2(X,t) = [F(kX.t)dk (14)
SO we can write o _m_ o
a’(X,t)=a2 +ea’(X,t) (15)
where

al= [Folkydk, aZ(X,t) = [RkX.dk  (16)

In first order of € we get
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We look for plane wave solutions of (17)
F.(k, X t) = f,(k)e - (18)
Introducing (18) in (17) after straight forward calcul ations the foll owing stabilit y
integral equation isfound
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If 0=0 (19) transforms into the result known for the NLS eq.
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Both equations (19) and (20) are very similar with the integral stability equation
obtained in the study of Landau dampingin plasma physics[13]
Several formsfor theinitial condition F,(k) will be considered. We start
with a §-function spectrum

) dk (20)

Fy(K) = aZ5(K) 21)

this corresponds to a mnstant initial condtion p,(X) =¥, which is quite an

unredigtic situation, but it can be considered as a limit case to which al the other
initial condtions can be compared. From the point of view of Ml it represents the
most favourable case & all the particles are correlated with the same probability.
The integration in (19) is draight-forward and considering Q purely imaginary,
Q=iQ,, weget

Q, :|)\|K\/(1—aK2)§J%¥—Kz(l—aKz)E (22)
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Introducing K§ = —,K/, = > d+,1-16a 3 a; [(we consider A, v, a positive
a ' a0 C

quantiti es) the instability regions corespondto

KDO(O,K,) and KO(K,,K,)
and besides the long wave region of instability, like in the deterministic gpproach, a
short wave region exists. If o=0 we find
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Q =2K,[-a —— 23
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and Ml is passble only in the long wave region.
The next example we shall consider is a “restricted white spectrum”
L
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For the NLS case we get
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where pg = Xag and w= K This is easily solved with respect to ®? giving

2
o = KActhRD v + K2 (25)
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For K-0, w* —» p; —/A*and consequently the width 4 of the spectrum must be
smaller than po. If this condition is satisfied we have a restriction on K, K< Ky,



2
where Ky is the intersection pant of K/\cthﬁ with A + KT On this smple
p

example we an see for the first time the influence of the statistical properties of
the medium on the development of MI. This can be formulated in the following
way: if the width of theinitial spedrumistoolarge the Ml cannat develop, and any
initial perturbation will be damped.

Thelast example isaLorentzian form for F,(k)

F,(K) = a; - f ~ (26)

which isamore redistic assumption, corresponding to an exponentially decaying
initial condition
po() = 8™

For the NLS case the integration in (20) is easily done in the k-complex
plane, and finally one obtains

0 - 2/\KHH/ aO—Kz—pE @)

Here again we seethat ared, positive Q,isobtained if p < p,, andif this

condition is satisfied the wave vector K has to be smaller than 2,/ pZ — p° .

Q.
With the notation (w = —)

2AK
K2
P(k)=lw—%—207@<+20k3 (28)
the integral stability equation (19) writes
1 0
N=—(F (k) ok (29
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Performing the integration in the k — complex plane with F,(k) given by the
Lorentzian spectrum (26) and closing the contour in the lower haf-plane, we shall
take into consideration mly the pole k=-ipof F,(k)(for o small the
contributions of the complex zeroes of P(K) in the lower half-plane ae assumed
small and can be neglected). The calculations are straight forward and give:
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For 0=0, (30) goes into (27), the result for the NLS case. The dependence on p and
K is now more complicated. Under the square root we have a second order

algebraic equation. Let us denote by K7, K? itsroots (O <K} < K22) Then ared
Q, is obtained if K?<K? (the long wave regime) and for K? > K 2. But this

short wave region is limited by the cndition to have a positive Q;. A new

restriction K? < K? results, and the ingtability occurs if K7 < K? <KZ. The

calculations are lengthy so we restrict ourselves to these qualitative wmnsiderations,
which are correct at least for small a.

3. CONCLUSIONS

In conclusion, the MI has been studied for a NLS type eguation, containing
an additional fourth order dispersion term. The results were compared with the
similar ones, known for the usual NLS equation. Besides an instability region in
the long wave domain, a new region for short waves was obtained, and this is
entirely due to the presence of the higher order dispersion term. But this fact has to
be considered with caution, because asmilar M1 analysis for the discrete self-
trapping equation (3) gives an instability only in the long wave region [10], and the
extended NLS equation (2) is obtained from (3) in a cntinuum approximation
expanding (an+l -2a, + an_l) up to fourth order terms. It would be interesting to

analyze situations where more nonlinear terms are introduced in the equation, to
compensate the stronger dispersive properties of eg. (2), and to see if this new
instabili ty region survives.
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