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Abstract: A formal expression of the one-exciton absorption coeff icient is derived by a 

nonadiabatic treatment, which takes into account the exciton-phonon interaction. The approach is built in 

the Fermi Golden Rule and dipole approximation framework. It recovers the well-known results of the 

adiabatic approximation. 

 Keywords:  Nanostructures; Electron-phonon interaction; Optical properties 

PACS classification codes: 33.70.Fd, 78.67.H 

 

1. Introduction 

Theoretically, the intrinsic response of one or several localized Wannier excitons was often 

invoked to explain the optical spectra of certain crystall ine structures. For example, such excitonic pictures 

can explain the resonances observed experimentall y in the quantum dots (QDs) structures; these resonances 

have been associated with either phonon-assisted transitions or Raman scattering. The adiabatic approach is 

the widely used approximation when the electron-phonon coupling is taken into account in such models. 

This approach implies an ineffective electron-phonon coupling, that is, no phonon-induced mixing between 

electronic levels; for such an ineffective coupling the scattering processes become more present in the 

optical spectra. When the exciton level spacing becomes comparable to the optical phonon energy (see, 

e.g., Refs. [1, 2]) the mixing of exciton states becomes important and the phonon-assisted absorption is a 

more probable process. In such a case, a weak exciton-phonon interaction demands a nonadiabatic 

approach [3, 4]. 

Here, we consider the phonon-assisted processes to describe the absorption spectra in the limit of 

low excitation intensities of laser light. By using a one-exciton picture, a nonadiabatic treatment, and the 

Fermi Golden Rule approach, an expression of the linear absorption coeff icient is derived. In the adiabatic 

limit, the well-known expression of optical spectrum of a localized defect is recovered. 

 

2. Theory 

To describe the confined Wannier exciton, we use an extension of the Huang-Rhys treatment to F 

centers by using the Hamiltonian [5, 6]: 
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iiH iex ε=  with i  the  excitonic eigenfunction, αω  is the frequency of α -th phononic mode, ijMα  

the exciton-phonon coupling between i  and j  states, +
iB  ( iB ) and +

αb  ( αb ) are the creation 

(annihilation) operators of exciton and phonon, respectively. Excitons are considered bosons for different 

states and fermions for the same state [6]. The radiation field is modeled as a single mode of linearly 

polarized plane wave. In the limit of linear response theory and long wave approximation the semiclassical 

exciton-field interaction can be written as [6, 7] 
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where e  is the polarization vector, ω   the frequency, 02E  the amplitude of light wave, m  is the reduced 

effective excitonic mass, and !)( 0εεω −= ff ; one assumes that the transition dipole matrix element 

between the excitonic vacuum state, 0  and state f , 0rd ff e=  is real, with e the electron 

charge, and r  the coordinate of the electron-hole pair. For a final exciton-phonon state 
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where V is the volume of absorptive system, n the refractive index, c the speed of light in vacuum, 
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where αN  is the phononic occupation number. The second order term (Eqs. 6a, b) involves transition 

mil →→ . For the next orders, we apply the Wick’s theoreme directly to αu  [10]. The fourth 

order term, which involves transition miiil →→→→ 432 , reads 
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In Eq. (7) the Wick’s theorem for bosons couples the exponential excitonic terms in )322)(122( −⋅−⋅  

products of double integrals. Generally, the 2n-th order term contains sums over products of n double 

integrals of similar form with those from Eqs. (6b) and (7). Thus 
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The absorption spectrum can be computed now for different orders. The zeroth order term, 1)(0 =tU , 

gives the excitonic spectrum in the vanishing coupling case. 
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3. Discussions 

When the adiabatic limit is of interest the mixing between excitonic states is absent, that is, 
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α ααα . The analytical form deduced from our results has similarities with 

the well-known expressions for optical spectrum of a localized defect with several electronic states in the 

independent boson approach. Thus 
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Denoting ( ) )(2 lll gM ααα ω ≡!  and following Ref. [9], we have 
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where nI  are the Bessel functions.  Both side bands are present in the spectra and the function 

( )2exp 0ωβ!n  shifts the maximum of the intensity envelope to positive side. The positive LO phononic 

bands correspond to photoluminescence excitation (PLE) spectra obtained at low temperatures (see, e,g. 

Ref.[11]). The relative intensity of lines is given by the coefficients of Dirac delta function, which arise in 

expression of the absorption coeff icient. Comparatively to Ref. [12], where the absorption coefficient is 

expressed in the adiabatic framework too, Eqs. (10) and (11) include the influence of the dipole orientation 

on absorption spectra. The transition dipole matrix and exciton-phonon coupling matrix elements are 
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necessary ingredients to compute absorption spectra. For example for different QD models they have been 

obtained within the effective mass approximation or by using the pseudopotential approach. 

Excepting the divergences induced by resonance conditions, the Fourier transform of double 

integrals with the structure of Eqs. (6c) and (7) yields the intensities of absorption lines. For example, the 

divergences which appear in Eq. (6c) may be treated as follows: i) For mil ≠=  and mil =≠  the 

divergence occurs for exact matching between the exciton level spacing and phonon energy, i.e., 

0=+ αωω im  or 0=− αωω im , and 0=+ αωω li  or 0=− αωω li , respectively. To avoid it, we 

consider the definition (width) of the line of frequency 0ω  within the line width Γ . Then, assuming the 

coupling factors ijMα  constant for this frequency interval centered on 0ω  ( Γ  is of order of several to tens 

�H9  at low temperatures for QDs), we may write ∫
Γ+

Γ−

−Γ=
2

2

1
0

0

0

)()(
ω

ω
ωωαωα d , and the Fourier 

transforms of functions proportional to time give the approximate intensities now. For example, for 

mil ≠=  and 0=+ αωω im  the second double integral from Eq. (6c) gives a term αωit− , which 

yields a line intensity proportional to )2(sin])(exp[ 0 ttii l Γ+−− ∫
∞

∞−
ωωω . ii ) The cases iml ≠=  

and iml ≠≠  may be treated similarly. If 0≠± αωω li  and αωω >>li  or αωω <<li  convergence is 

established (after the time integration the terms that are proportional to t approximately vanish). For the 

situation 0=± αωω li , we take the main contribution to the 2t  integrals coming from large 2t ; thus 

integration over 2t  yields Γi  and after that, we again apply the approximation proposed at i). 

In conclusion, the present theoretical treatment provides a method to calculate the phononic 

influence on the one-excitonic spectra in limit of low intensity of light. By specifying the exciton-phonon 

coupling type, the treatment may take into account both acoustic and LO phonons. As a straight application 

of our treatment, by modeling the defect-free QDs as one-exciton molecules the absorption spectra at low 

temperatures of such structures can be obtained, and in accordance with Ref. [13] they may be used to 

approximate their PLE spectra. 
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a) For Eq. (2) : 
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In the limit of linear response model the interaction between a system of charges 

iq  (with masses im , coordinates ir  and momenta ip ) and the field given by 
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the vector potential. Translating the problem into the effective mass picture for the 

electron (effective mass em  and coordinate er ) - hole (effective mass hm  and coordinate 
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where he mmM += , and ξp  and pp ≡ρ  are the momentum of center of mass and of 

relative motion, respectively. In the long wave approximation, 1<<ρρk , and consequently 
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and the transformation from p  to r  dependence yields Eq. (2).  
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c) For Eq. (4) we used  

i)
�� // phitHitH ee GG = , which can be seen as follows: 
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and with the identity [ ] 2,BABABA eeee −+ =  we may write 



Exciton-phonon interaction in one-exciton absorption spectra 

 

115 

22 2],[/),(/)( ���� phphexphphexexphphexex HHtitHHHitHHHit
eeee −−− −−++− =               

(A6) 

But 

[ ]

∑

∑ ∑
++

+++
−

+=









+=

ji
ji

ij

ji
ji

ij
phphex

BBbbM

bbbbBBMHH

,,

,,

)(

),(,

α
ααα

α β
βββααα ω!

               

(A7) 

and consequently, with a series expansion and 00 =jB , we have 
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The term nBtB ml 0)(
~ +  means that at the initial moment the field, by +

mB , creates the 

excitonic state 0+= mBm  and then at moment t the field, by )(
~

tBl , destroys an exciton 

in state l . Transition ml →  involves an emission or absorption of phonon between 
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0t  and t . Actually, the present treatment refines the calculus of +
ml BtB )(

~
 by including 

intermediates states (moments) between l  and m  ( 0t  and t). 
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Proof of the equali ty l
ititH

l BeeB lex 00 / ω−− =
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 from pp. 5, row 8 is as follows 
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and in accordance with the excitonic commutation relations 
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e) The even term 
02 )(tU  from pp. 5, last row is obtained as follows
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f) The even term 0)(0
02

+
ml BtUB  of Eq. (6a) is obtained as follows  
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where the equali ty mjijlimjijil BBBBBB
22112211

00 δδδ=+++  derived by using the excitonic 

commutation relations  has been used. The integral in (A17) is written as follows 
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g) The even term 
04 )(tU  from Eq. (7) is obtained with Eq. (A19) by using the 

Wick’s theorem as follows 
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h) The even term 0)(0
04

+
ml BtUB  of Eq. (7) is obtained as follows 



Exciton-phonon interaction in one-exciton absorption spectra 

 

121 

{

{

0)()()()(

ˆ
!4

1

0)()()()(

ˆ0
!4

1

0)(0

0
4

)(

3

)(

2

)(

1

)(

,,
,,
,,
,,0 0

4

0

32

0

1

4

0
4

)(

3

)(

2

)(

1

)(

,,
,,
,,
,,0 0

4

0

32

0

1

4

04

4

444

3

333

2

222

1

111

444

333

222

111

44

4

33

3

22

2

11

144332211

4

444

3

333

2

222

1

111

444

333

222

111

44332211

44

4

33

3

22

2

11

1

+−−−−

+−−−−

++++

+

×






 −=

×






 −=

∑∫ ∫∫∫

∑∫ ∫∫∫

m

itititit

ji
ji
ji

ji

jijijiji
mjijijijli

t ttt

m

itititit

ji
ji
ji

ji
jijijiji

jijijiji
t ttt

l

ml

Btuetuetuetue

MMMMTdtdtdtdt
i

Btuetuetuetue

BBBBBBBBMMMMTdtdtdtdtB
i

BtUB

jijijiji

jijijiji

α
εε

α
εε

α
εε

α
εε

α
α
α
α

αααα

α
εε

α
εε

α
εε

α
εε

α
α
α
α

αααα

δδδδδ
!

!

 

{

032

)()(

041

)()(

042

)()(

031

)()(

043

)()(

,,
,,,

021

)()(

0 0

4

0

32

0

1

4

0
4

)(

3

)(

,,
,,,

2

)(

1

)(

0 0

4

0

32

0

1

4

)()(ˆ

)()(ˆ

)()(ˆ

)()(ˆ

)()(ˆ

)()(ˆ
!4

1

)()(

)()(ˆ
!4

1

32

43332243

3

32

2

41

44214

4

2

1

42

443224

4

32

2

31

4332143

3

2

1

43

444334

4

43

3

432

4321

21

3222132

2

2

1

4

444

43

43343

3

432

4321

2

32232

21

212

1

tutuTeeMM

tutuTeeMM

tutuTeeMM

tutuTeeMM

tutuTeeMM

tutuTeeMMdtdtdtdt
i

tueMtueM

tueMtueMTdtdtdtdt
i

iiii

miil

miii

iiil

miii

iiil

miii

iiil

ititiiii

ititmili

ititmiii

ititiili

ititmiii

iii

ititiili
t ttt

itmiitii

iii

itiiitli
t ttt

αα
εεεε

αα

αα
εεεε

αα

αα
εεεε

αα

αα
εεεε

αα

αα
εεεε

αα

αααα
αα

εεεε
αα

α
εε

αα
εε

α

αααα
α

εε
αα

εε
α

−−

−−

−−

−−

−−

−−

−−

−−

×

+

×

+

×






 −=

×






 −=

∑∫ ∫∫∫

∑∫ ∫∫∫

!

!

(

A20) 

 

 

 

i) For unmixed excitonic states, we have

 



Tiberius Ovidius Cheche 

 

122 

( )

( )

( )

( ) ( )∑∑ ∫∫

∑ ∫∫

∑∫∫

∑∫∫

∑∫∫

Φ−=







−





 −=







−





 −=






 −=






 −=






 −=

+++

+

+

++

α
α

α
α

αα
αααα

αα
αααα

αα
αααα

αα
αααα

δαδ

αδδ

δδδ

)(),(
!2

1

),(
!2

1

)()(ˆ
!2

1

)()(00ˆ
!2

1

)()(00ˆ
!2

1

0)(0

21
0

0

2

0

1

2
2

,
211

0

0

2

0

1

2

,,,
021

0

2

0

1

2

,,,
021

0

2

0

1

2

,,,
021

0

2

0

1

2

02

21

2121

2211

212211

22

2

11

1

2211

212211

22

2

11

1

2211

21

2

22

1

11

22

2

11

1

tttDdtdtM
i

ttDdtdtMM
i

tutuMMTdtdt
i

tutuBBBBBBMMTdtdt
i

tutuBBBBMMTdtdt
i

BtUB

l
lm

tt

lm
ll

tt

lm
llll

ii
miiili

iiii
tt

ii
miiiil

iiii
tt

ii
m

t

ii

t

iil
iiii

tt

ml

!

!

!

!

!

       

(A21) 

Similarly, by using the Wick’s theorem one finds 
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and generally Eq. (9), 
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j) For (Eq. 11) 

At 0=T , 0=αN , ( ) [ ])exp(1 0tigt ll ω−−=Φ  and the absorption coeff icient reads 
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The intensities are proportional to the Poisson distribution. 
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