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Abstract: A forma expression of the one-exciton absorption coefficient is derived by a
nonadiabatic treament, which takes into acmunt the exciton-phonon interadion. The gproacd is built in
the Fermi Golden Rule and dipde gproximation framework. It recovers the well-known results of the
adiabatic gpproximation.
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1. Introduction

Theoreticdly, the intrinsic response of one or several locdized Wannier excitons was often
invoked to explain the opticd spedra of certain crystalline structures. For example, such excitonic pictures
can explain the resonances observed experimentally in the quantum dots (QDs) structures; these resonances
have been associated with either phonon-asgsted transitions or Raman scattering. The aiabatic gpproach is
the widely used approximation when the dedron-phonon coupling is taken into acourt in such models.
This approach implies an ineffedive dedron-phonon coupling, that is, no phonon-induced mixing between
eledronic levels; for such an ineffedive oupling the scatering processes becme more present in the
opticd spedra. When the exciton level spadng becomes comparable to the optica phanon energy (see
e.g., Refs. [1, 2]) the mixing of exciton states becomes important and the phonon-asssted absorption is a
more probable process In such a cae, a wed exciton-phonon interadion demands a nonadiabatic
approac [3, 4].

Here, we consider the phonon-assisted processes to describe the absorption spedra in the limit of
low excitation intensities of laser light. By using a one-exciton picture, a honadiabatic treament, and the
Fermi Golden Rule gproach, an expresson of the linea absorption coefficient is derived. In the aiabatic

limit, the well-known expression of opticd spedrum of alocdized defed is recmvered.

2. Theory
To describe the confined Wannier exciton, we use an extension of the Huang-Rhys treament to F

centers by using the Hamiltonian [5, 6]:



10¢€ Tiberius Ovidius Chedhe

H=H, +H, + —ZsBB+Zhwbb + Y MIB'B (b +b,). (@

al)

H ex| i> =€ |I> with |I> the ecitonic egenfunction, ), isthe frequency of o -th phononic mode, ng

the exciton-phonon coupling between |i) and |j) states B (B,) and b, (b,) are the creaion

(annihil ation) operators of exciton and phonon, respedively. Excitons are ansidered bosons for different
states and fermions for the same state [6]. The radiation field is modeled as a single mode of linealy
polarized plane wave. In the limit of linea response theory and long wave approximation the semiclasdcd

exciton-field interadion can be written as[6, 7]
2| E,

- B, )sinax =Wsinat , 2)

where € isthe pdarization vedor, w the frequency, 2E; the amplitude of light wave, m is the reduced

effective excitonic mass, and w, = (€, —&,) / 7 ; one asumes that the transition dipole matrix element

between the excitonic vacuum state, |O> and state | f>, d, = e(f |r|0> is red, with e the dectron
charge, and r the mordinate of the eledronhole pair. For a final exciton-phonon state

Hin.; f)=E, (|ng; f)= E|F).Fortheinitia state of the system (ground eledronic state
plus phonons a thermal equilibrium), H|n;0) = E,[n)|0) = E5|G) and its density matrix is

R :|O>pG<O|E|O>Znﬂn>pn<n|)<0|; In) ae the dgenstates of phononic system a
eqilibrium, H  |n) = E, | n), and p,, = exp(-BE,)/Tr lexpepH ph)]. For the absorption rate the

Fermi Golden Rule gplied to the dgenstates of the system gives
1 7 i Y +
ZQG = Z[ oMWs ¢ 0w+ Eg ]:E:[odte“‘<0|<W(t)W )0 @
where, Qg . :(27T/h)pG|\NGﬂF|25(hw+ E.-E.) is the transtion rate IG) - |F),
-2 (GWF) =(0[(nW[nei ), aa (WEW) =Tro[oWw']  win

W(t) = e™/ ™ We ™" This with a(w) = 2maR,,/ (nCEg\/ ) [8] the linear one-exciton absorption

coefficient reads

ot Z[Dlm B (t)B, >] 4

|,mz0

a(w) =

where V is the volume of absorptive system, n the refradive index, ¢ the speed of light in vacuum,

Dy, =@y (ed;)(ed,), Bi(1)=€""Be™" ad (B ()B;)=(0[(e"*"Be™"B}) [0).



Exciton-phonon interadion in one-exciton absorption spedra 10¢

One can easly see that <eithh/h B, gritH/h B;> =Be itH g /h<U (t)> B': U(t)= gitHo/hgith /1
Ho =Hg +H o and (U(D), =Trg|pe€™™ ™ |. with (0|8 e™ =" =™ (0|B, and the
usual expansion of the evolution operator, U (t) , Eq. (4) becomes

21T

a(w) = Y > D J'dte'(‘" “(0|B, <T exprT — IdtV(tJ?

,mz0

0) (5)

0

where T is the time ordered operator, \7(t) =exp(tH,/#)H exp(itH, /7), and we write the

ex-ph
expansion as the sum of different orders, U (t) =U,(t) +U,(t) +U,(t) +.... Thelinea couplingin the

phononic operators from Hamiltonian (1) gives <O|BI <U onil (t)> B O> = 0. For the first two terms of

U (t), weobtain <O|BI <U0(t)>0 B O> =9, and
(U (t) Idt Idt Ta.ZJ ( 3111 ;22123;1]1 Bltzj <Ua1 (t)u,, (t2)>0),
LPRPAP

where Biij = B'B, exp(tw, /) and u,(t) =exp(tH , /7)(b; +b,)expEitH , /7). with

(see eg., Ref. [9)])

'I:<ua1 (t)u,, (t2)>O =0,,, [Na exp(i w, [t, —t2|)+ (N, +1) exp(—ioua1 it, —t2|)]
=0,.,D°(ay,ft, —t,))

one obtains
<0|B.<Uz(t)> B;/0)
li im t 0 C (63‘)
2'h2 az %M M IdtIdt exp(t,w, ) exp(t,w, )D (al,|t1—t2|)E

or more explicitly

(0B 0.00),80) = 5 2w ot fa

x{[exp[an(w” +w, )expl(t, (@,, - w,)] +exp[(t, (w,, +,)explit, (@, ~w)IN, -  (6D)
+ [explit, (w; - @, )]expllt, (@,, +, )] +explit, (@, - @, )]expllt, (@, +w,)IIN, +1}

where Na is the phononic occupation number. The second order term (Egs. 6a, b) involves transition

|I> - ||> - |m> For the next orders, we apply the Wick’s theoreme directly to U, [10]. The fourth

order term, which involves transition ||> - |i2> - |i3> - |i4> - |m>,reads
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(0B (U4 (), By

1

t t
=25, 3 MM [ dexpi(@, 1+, LID" (-t
“igulgly L]0 0 0

0)

t t

x Z M :;u M <iy4m‘!:dt1‘!:dt2 expf (O‘).3i4t1 + w|4mt2)] D°(a, |t1 - t2|)

t t
* 3 MM [t expl(a,f + 0, LID°@ ] )

(]

t t

3 MM [t [t opl(@, 1+, )1D%a ~t)

t t
+ Z ML'JZML“m!dHldtz expli(w; t, + @ t,)1D° (@[t —t,))

oottt O
x z MtIJ2I3 M(;3I4Idt1‘|'dt2 expﬁ (w|2i3t1 +tw 'Atz)] Do(a’|t1 _t2|)5 @
a 0 0

In Eq. (7) the Wick’s theorem for basons couples the exponential excitonic termsin (2[2-1)(2[2-3)

products of double integrals. Generally, the 2n-th order term contains sums over products of n double
integrals of similar form with those from Egs. (6b) and (7). Thus

(0[B, (U (1)), B;[0)

E%_'m (2_1n) 2 @Z D@,i®i®i®,i® L —1), o
all possible a

combinations

(M) (m) G m) T (m) e (m) g (m)
xZD(G,Ilm NP P P ,|t1m -3 |)
a

where the sum is over al the (2n—21)(2n—3)...3[1 possble wmbinations in acordance with the
Wick's theorem for bosons; the combination i”,i”,if?,i{,..i{™ i{™ i{™ ™ is one of the possble
combinations of |,i,,iz,...,I,,,M (indexes for the ecitonic egenvalues), the prime means the

summation excludes | and m, and

D D @ X 1 1 — [P il
D(a1|1()1|£)1|§)1|¢(1)1|t1() _t§)|) = MaklkZMak3k4
t t

X_[dtkl_[dtkz[expﬂtkl(w.kl - w.kz)] eXpﬁtka(O‘).k3 - a)|k4)]D0(a’|tkl _tk3|) |
0 0

The @sorption spedrum can be cmputed now for different orders. The zeoth order term, Uo(t) =1,

givesthe excitonic spedrum in the vanishing coupling case.
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3. Discussions

When the adiabatic limit is of interest the mixing between excitonic states is absent, that is,

oph = Zm MIB'B (b +b,). The analyticad form deduced from our results has simil arities with

the well-known expressions for opticd spedrum of a locdized defed with several eledronic states in the
independent boson approach. Thus

0) = % ﬁ (-, (t))iT O 9)

where @ (t) = (M[',' /hwa)z[(ﬁa +1)(1— e““’“t)+ N, (1— e_iw"t)— i a)at] and the asorption

coefficient reads

(0[B (U, (), B

_ 2 2 2 ¢ e iom )tD 1 N L
a(@) = ¥ wF(ed)? fare E’Jr;n!é( cpa(t))HE
(10)
_ 2 2 2 i)t ol [
= oy 2 () e expé( CDa(t))H
Denoting (I\/I ¥ he, )2 =g¥ and following Ref. [91, we have

a

phononsand @, (t): Za{ 0 (Na +1X]__e—iwat)+ N, (]__e—iwat )J}

When our program is applied to the Einstein model, where @, =w,, and

ia)at+zad); (t):i[a)a —Al]t+CD, t): A = Za( (')a)a) is the renormalizaion induced by

a

D =awyy g = w,g, (with g, the Huang-Rhys fador), we obtain
a

471?
nchawv

x 3 1,(g, /sinh(Bhe, /2))explnBhew, /2)5(w- +A, —na,)

a(w) =

z{wf(edl)zexr{—gl coth(Bha, /2)]}

(12)

where | are the Bessel functions. Both side bands are present in the spedra and the function

exp(nﬁhwo / 2) shifts the maximum of the intensity envelope to pdsitive side. The paositive LO phononic

bands correspond to photoluminescence ecitation (PLE) spedra obtained at low temperatures (seg e,0.
Ref.[11]). The relative intensity of lines is given by the wefficients of Dirac delta function, which arisein
expresson of the asorption coefficient. Comparatively to Ref. [12], where the absorption coefficient is
expressed in the aiabatic framework too, Egs. (10) and (11) include the influence of the dipdle orientation

on absorption spedra. The transition dipde matrix and exciton-phonon coupling matrix elements are
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necessary ingredients to compute @sorption spedra. For example for different QD models they have been
obtained within the effedive mass approximation or by using the pseudopdential approach.
Excepting the divergences induced by resonance nditions, the Fourier transform of double

integrals with the structure of Egs. (6¢) and (7) yields the intensities of absorption lines. For example, the
divergences which appea in Eq. (6¢) may be treated as follows: i) For | =i#Zm and | Zi =m the

divergence occurs for exad matching between the exciton level spadng and phonon energy, i.e,

wW,+tw, =0 o w,-w, =0,and w;, +w, =0 or w; —w, =0, respedively. To avoid it, we

m

consider the definition (width) of the line of frequency @, within the line width [" . Then, assuming the

coupling fadors Mg constant for this frequency interval centered on @, (I isof order of several to tens

4 Jwtl/2
peV at low temperatures for QDs), we may write a(w,) =T lI ’ 2 dwa(w), and the Fourier
g —

transforms of functions proportional to time give the gproximate intensities now. For example, for

| =iZm and w,, +w, =0 the second dauble integral from Eq. (6¢) gives a term —it/w, , which
yields a line intensity propational to —if expli(w-w, +wy)t]sin(Ct/2).ii) The caes | =m#i

and | ZmM#i may be treated similarly. If @, +w, #0 and W, >>w, or w;, <<w, convergenceis
established (after the time integration the terms that are propartional to t approximately vanish). For the

situation @, = w, =0, we take the main contribution to the t, integrals coming from large t,; thus

integration over t, yields i/r and after that, we again apply the gpproximation proposed &t i).

In conclusion, the present theoreticd treament provides a method to cdculate the phononic
influence on the one-excitonic spedra in limit of low intensity of light. By spedfying the exciton-phonon
coupling type, the treament may take into acount both acoustic and LO phonons. As a straight applicaion
of our treament, by modeling the defed-free QDs as one-exciton molecules the esorption spedra & low
temperatures of such structures can be obtained, and in acordance with Ref. [13] they may be used to

approximate their PLE spedra.

II. AUXILIARY NOTES

a) For Eq. (2) :
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In the limit of linea respornse model the interaction between a system of charges
0 (with masses m, coordinates r, and momenta p) and the field given by

E(r,t) = 2eE, coskr —at) = e[Ee““I + E*e““‘J is

|nt(r| ’t) - _Z % A(ri 1t) P

(A1)
with
A(r,,t) = Aysin(kr, —at) and A, = 2ceE, /w
(A2)
the vedor poatential. Trandlating the problem into the dfedive mass picture for the

eledron (effective mass m, and coordinate r,) - hde (effective mass m, and coordinate
r,) pair case, introduction o the center of mass & = (m,r, + mr, )/(m, + m,) and relative

coordinates of thepair p =r, —r, gives

] P, DA ) | Alr0,
dm  m og°g

|nt (re' r‘h ’t) - SA(rh 1t) A(re1
(A3)
where M =m,+m,, and p; and p, = p are the momentum of center of massand of
relative motion, respedively. In the long wave goproximation, kg <<1, and consequently

A(r,,t) = A(r,,t) = A(r,t) ; from Egs. (A2) and (A3) with k = 0 one obtains

2ekE,

|nt (t)

(ep)smax

In the second quantization [6]



114 Tiberius Ovidius Chedhe

ep - ékolepl )8, +(flepl0)8; ]

and the transformationfrom p to r dependenceyields Eq. (2).

b) For Eq. (3):

[
Trg EZ [pGM/GHF|25(hw+ Es - EF)]E

_ 1 }dte““TrG EpG Z [<G |eitH I\t /t|F><F|VV+| G>]§

2m
G))..]
1

= 5z [ 3 Am(0FS (o)), nfolfo} mimi oMo

_ % idte““ > [o..(mlOW (tyw*|0)| m)]

= o Je S [loc).n (e NTOW:

_ 1 p it Y, +
e e loaww~]o)

(A4)

C) For EQ. (4) we used
i) (Gle"™'" =(G|e"™"*"", which can be seen as foll ows:
e—itH /h|G> — e—it(HeX+HeX,ph+th)/h| 0>| n>
(A5)

AB-[AB]2

and with the identity e*® =e”e®e” we may write
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e—it(Hex+Hex_ph+th)/h - e—it(Hex,Hex_ph)/he—itHph/hetz[Hex_ph.th]/th

(A6)

But

ip+ + + [
[Hex—ph’th]: ;,MEE% B, (b; +ba)’gthbBbBE
1y

= M!(b; +b,)B'B,

atj

(A7)

and consequently, with a series expansionand B,|0) =0, we have

"= [n)0) =|nj o)
(A8)
With Egs. (A8) and (A6), Eq. (A5) reads

e—itH /h| 0>| n> — e—it(Hex+Hex,ph)/h| 0>e—itH ph/i’z| n>
(A9)

A+B

from which again with e*"® = e*e®e1*812 we have

) ) : 2 2
e—lt(Hex+Hex_ph)/h|O> — e—|tHex/h —itHepn /B _t°(HooHewpn) /2R |O>

e e
(A10)
Next, we used in ac@rdance with the excitonic commutation relations (seed) too)
> eBB.BB = e
(A1)

Thus
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. L
[Ha(’ Hex—ph]: %gl BI+3 ' Z_MgBiJrBj (b; +ba)E

ail,j

Zs,ij(b; +ba)[BﬁEﬁ ) BﬁBj]

]

Z_Mg(ei —ej)(b; +h,)B’B,

a,l,)

(A12)

and consequently

e—itHex/he_itHex—ph/hetz(HewHex,ph)/zhz|O> - e—itHex/he_itHexfph/h|o> — e—itHex/h|O> — |O>
(A13)
The gudities in Eq. (A13) are obtained by using a series expansion d the exporential
and B,|0) =0. Finally, Egs. (A9) and (A13) give (Glg™ " = (G|e""""".
i) Relation (B'(1)B,)=0, which hdds becaise (B (t)B,) =Tr, [, (0|8 () B,|0)]
and B,[0)=0. (B (1)B,)=0, smilaly. Also, (B'(t)B,)=0. To prove the last
equality, we use (G|e™'" =(G|e""*"" and (0|B;, =0. Thus, we have
0)jn)
o)

o (nll0jge” "™ "6 o)) = 0

<§+(t)Br;> _ Z :pn<n|<0|eitH Igrerit g

:pn<n|<0|eitH ph /h3+e—itH /hBr;

2
2

(A14)

The term B, (t)B

0)|n) means that at the initial moment the field, by B, creates the
excitonic state |m) = B;;|0) and then at moment t the field, by B, (t) , destroys an exciton

in state |I) . Transition |I) — |m) involves an emisson a absorption d phonon letween
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t, and t. Actually, the present treament refines the caculus of <I§I (t)B,;> by including

intermediates dates (moments) between |1} and |m) (t, andt).

d)  Proof of the equality <e“HP“'hB|e“‘H’hB;> =Be "="(U(t)),B; from pp. 5,row

m
7 isasfollows

<eitH !B B it/ Br;> - < B, @ itHe/ B gitHe /helIH ph/he—itH Ik Bn+1>
0

=B, e—itHEX/h<eitHeX/heitH ph/he—itH/h> B;‘
0

0

B| e—itHex/h <U (t)>0 B

(A153)

Proof of the equality (0B ,e™"='" =e™“(0|B, from pp. 5,row 8 isasfollows

J

I_ﬂ_ll_ll_|

i
(0|Be™"="" =( 0|B.§ ity £,B/B; + 't) %s B, B, §+

(A15b)

and in acordance with the excitonic commutation relations

(0 ZEB B, = Z(s (0B B'B,)+¢ (0B BB =0+¢ (0[L-B'B )B =(0B¢,

hence

_. 2
(0[Be™="" = (0|, A it + )+ 5= (0[Be™
0 2 0
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€) The even term (U,(t)), from pp. 5, last row is obtained as follows

U, M), J'dt 1[olt T V(tl)V(t )>

1 j'dt j‘dt T< 'tlH Ik |t1 pn/H ZMllle B (b+ b )e ityH o /h =ityH /7

il 1

itoHe: /1 GltoH pn /T i g+ + “ityH g, /7 o itoH g /7
xgre="g ZMaz B.B, (b;, +b, e "="e
0

L PEPP

t ot
1 Idt Idt T ZM'“le'tlH /hB B e"tlH 17 ZM|212e|t2H /hB B eltzH ol

aplysy azil2: ]2

IR IR IR IR
x<e“1 »M () +h, e e by +b, Je >0

TS Idt 1[dtT ( MM 2B BY <ual(t1)uaz(t2)>o)

i3 J2
Ay g
LPYPHP

(A16)

f) The eventerm (0[B (U,(t)),B.|0) of Eq. (6a) is obtained as foll ows
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(0[B (U (1)), B./0)
B_—gj'dtj'dtT z ( UM 22 (0|B, B.tf, BI‘ZJ B O><ua1(t1)ua2(t2)>o)
ahis}o
B_—gj'dt Idt-r Z ( '1J1M(ixzzjzeitl(f‘l—fu)eitz(&z—512)< B'B,B'B, ><ua1(t1)ua2(t2)>0)
‘71'1 Jl
as, |2 J2

15’—3{& IdtT > ( M M gt ge )y, 5 5, <u1(tl)uaz(t2)>0)

E D Qylgs ]y e
[LPRPHP!

_ipid MMt tdt e T (U, (t)u,, (t,)),

26 0.2, J ! 1

ZIDh

=1 B_—I g ; "™ (‘,m.!dtl'!’ dt,e"“ e"“mD(ar,|t, - tJ)E

(A17)

where the euality (

210)=6,0,, 8, , derived by using the excitonic
commutationrelations has been used. Theintegral in (A17) iswritten as follows

t t _ . t 4 i )
[, J’dtze'““” e=“nD(a,lt, - t,|) = [, Idtze'““” e2“nD(ar,t, >1,)
0 0 0 0

t t,

+J'dt2£dtleit1wij it2w|mDO(a1tl <t2)
0
:J-dtlJ-dtzenlwij ity m [Nalwa (t,-t) + (Na +1)e—|w,,(t1—t2)]

+Idt J-dt |t1w gt2®m [_ iy (tb-t2) 4 (Na +1)e""a (tl—tz)]

(A18)
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0) The even term (U, (t)), from Eq. (7) is obtained with Eq. (A19) by using the

Wick’ s theorem as foll ows

U,m), = iB’—iHjoltlioltzjoltsj'<;|t4T“<\7 )V (L)V (t,)V (t4)>0

i, [t Idt Idtsjdt4

1
40 h 04 )
X M ('11111 M I2J2 M '313 M I44J4 Btl Btz Bt3 Bt4 <uo{1 (tl)ua2 (tz)uo{3 (t3)ua4 (t4)>0)

ifjy i2i2 3is als
ayigs iy

x ${m ille'ZJZM'3‘3M'“4B B,B'B, BB, BB,

ay Ja Tla T a

<e|t1(£‘1 £Jl)u 1(t1)elt2(£‘2 812)u 2(tz)elt3(-‘5\3 £J3)u 3(t3)e|t4(€|4 514)u 4(t4)>0

(A19)

h) The eventerm (0|B (U,,(t)),B,|0) of Eq. (7) is obtained as follows
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(0|B, (U (t)) B,

0>

x<e|t1(€'1 gu)u 1(tl)eltz(f,z €J2)u 2(tz)eit3(€w3_513)uas (tg)elt4(£l4 £J4)u 4(t4)> B:’]
0

0)
LI o et fot, [t F 3 {61,8,,0,1,0,,,8, MMM oM
a0hn DJ)- 1.! 2! 3.[ ‘ ds * id lam ay Ma,

ayilyi )y
o PHPHPS
0333
Ayslgs s

x<e|tl(5|1 Eu)u 1(tl)e|tz(5|2 SJZ)U Z(tz)ens(fg 5]3)u 3(t3)e|t4(5|4 514)u 4(t4)> Br;|0>
0

B 1 | 4t t t ! ~ ip Siti(E—¢i,) isig itz (&1, —Eig)
=t @!dlldtzldtsldt Tglla%za3a4<M(',1e U, (t)M ¢ U, (t,)

x M ;3i4eit3(5\3—5\4)ua (tg) M (i;meitzl(fu 5m)ua4 (t4)>
0

B'—é !dt Idt ‘!dt ‘!dt {M w2 M e T (y (1 )u,, (t2)>0

a0 3
<M '3'4M 4m gtaesa,) e, em)T<u (ty)u, (t4)> (
I, ),

<M IZI3M |4m a6 ) gita (e em)-]-<u (t,)U,, (t, )>
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i) For unmixed excitonic states, we have
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Similarly, by using the Wick’ s theorem one finds

(0|B (U, (1)),Bx|0)

AL o o -ff =35 Cotof

(A22)

and generdly Eq. (9),

(0B (U, (1)

3:10)= % 55 e, 0),

(A23)

j) For (Eq. 11)

AtT=0, N, =0, ®, (t)= g,[L1- expliw,t)] andthe bsorption coefficient reads
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_ o 4r O, 2 g < L B ) T
) = o gy L (CI)7E™ 5 [ Olo=a +, —ne )T

(A24)

The intensities are proportional to the Poison dstribution.
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