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Abstract. In this paper is presented a matriceal method for determination of elastic
properties for composite materias. The methodis based by imposing of some deformation
and tension states, which verify the compatibility and continuation conditions on the
separation surfaces between materia’s phases by experimental work it was establi shed that
in case of the longtudinal elastic modulus E, the results precision is higher than the results
of eastic formulafrom the specially bibliography.
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1. INTRODUCTION

Because in the evaluation of structures, in order totestimate the behavior of such
constructions, computations must be made in foresight purposes, precise data are required
on the medchanical behavior. All the dternatives we had in the investigation d the
properties and of the behavior shown by composite materials knocked against the fact that a
very large number of elastic constants have to be previously known, while the computations
could be made only by the use of a large diversity of mechanical models [4]. The most
representative theories darting from which the alculations of composite structures was
attempted are[3]:

The theory of the effedive modules;

- Thetheory of the effediverigidities;

- Thetheory of meddlings;

- Thetheory of didocations modified;

The theory of the continuous microphases.

AII these theories demonstrate that the mechanic and elastic properties of a
composite materia depend on many factors:

- Themechanicd properties of their constituents;

- Thevolumeratio of their constituents;

- Thegeometrical setup of their constituents;

- The ahesion ketween the phases;

- Thetechnologica processemployed for obtaining them.

Thisis why great computation dfficulties 1ow up when the mechanica behavior
is studied and when the dastic coefficients are theoreticaly determined. The employed
methods could be classgfied in three types:

- Theonewhich find the extreme va ues, using variationa theorems;

- The oneswhich find the exad solutions;

- Theones, which find semi-empiric approximations.

Haskin and Rosen [1] coped with determining the inferior, respectively superior
limits of the elasticity modules. They studied reinforced composites with long fibres, of a
constant diameter, hexagonally arranged. Abouwdi [2] studied foll owing the same direction,
but using a square dementary cell, where the section of the reinforcing pieceis square-
shaped. Cederbaum [5] achieved a micro-mechanica anaysis of the cmposite material,
which alowed the determining of its behavior as a whae, starting from the known
properties of itsindividua constituents and from the details of their interaction. The method
he used presents the advantages that there ae no apriori hypotheses, these being generated
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during the analysis itself. The result is amacro-mechanicd evaluation, as the homogeneous
medium seen as transversally isotropic, therebly its properties being evaluable for al the
possble combinations between fibres and matrices. In [9] are presented particular cases.

In order to determine the dastic coefficients for composites, the method of the
finite dement was applied too. We could mention the works of Huang and Hu [7], whereis
analyzed the @se of the properties of materials bearing spherical, inclusions, Meguid [6],
where ae determined the properties of a composite bar with long fibres that are aranged
twice periodicdly in the section, respectively Pyrez [8], who performs a probabilistic
analysis of these properties.

2. THEORETICAL CONSIDERATIONS

Let us consider a sandwich-shaped composite formed of strata of constant
thickness (fig.1). A referential system Oxlxzx3 is then chosen so that the

pl aneO><1><2 should be parallel to the separation planes between the strata. For ead strata,
let us consider atension state:

o} ={oliobiohiomoloL)  i=1n M
X3
Vs The components of the tension state
W have to satisfy to the conditions. Through
AV X > the component equations, the deformation
SRR 2 states for the constituent materials are
‘ determined:
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in which:
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is the deformation state for the material “i” and [A] [B,] [C,] are cells of the
supplements matrix.

The deformation states must satisfy to the compatibility conditions of Saint—
Venant. On the separation surfaces between the dtrata, continuity conditions for
deformations and tensions must be satisfied too. So, on the separation surface between
stratum “i* and stratum “i+1" the foll owing continuity conditions must be verified:

- Fortensions

0§i3) = 0§i3+ Y= O3

0 ()
ol)=0lV =0,
01(|3) = 1(i3+1) =03 i=1 (4)
- For deformations:
(i) = o(i+1) —
811 - 811 - 811
el =elM =¢,, i=1n-1 5)
(i) =, 0i+1) =
y12 - y12 - y12
Through these, the states of tensions and deformations, given by (1) and (3), could
be written under the form:
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Where:

{o.}={o0;00;00} i=1n

{G} = {023; O3 033}t
Respedively:
{e}={vy:elY  i=1n

{e}={es eyt

From the constituent equations (2), we obtain:

{o}=[aT"e}-[AI"[BKo}.i=1n

{e}=BIAI+(c]-BIAT' B} i =1n

(6)

()

(8)

(9)

(10)

11)

The matrix of the average deformations {8} and the matrix of average tensions

{o} are defined by the retations:

fl=2 Z m{eﬁ)}r ,
{}= %Z J;\”’{a(i)}r ,

where Visthetotal volume, and V, isthe volume of stratum “i”.

(12)

(13)

We can consider in particular that the matrices {8} and {J } have constant
components (which means that the Cauchy conditions for deformations are satisfied, as
well as the Saint-Venant conditions for deformations). In this case, from (12) and (13), for
the matrices of average tensions, respedively average deformations, we obtain the

expresson:

1 _go] -[Blme} O
{0}_%0] [1Ho)e

Respedively:

(14
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Where:

- [0] isthe naught matrixes;
- [I] isthe unity matrix;

- lal=3viAl o
: [ﬁ]=ZVi[A]‘1 (1)
- WM=3ulc]l-BIATE) s

Into which:

= i=1n (19)

ws n

isthe volumeratio of the stratum
The oonstituent equation of the composite supposes a relation between the matrix
of the average tensions and the matrix of the average deformation. This could be written

AN
" 6 o) (o}

By the substitutions, offered through(14) and (15), of the matrices of the average
tensions and deformations into (20), then by appropiate identificaions, the expresson for

the cell s are obtained [A], [B], [B'], [C] :
[Al=[a]™
[B]=[a]"[B] (21)
[8]=[g][a]”
[c]=lv1+[8I o118l

From the analysis of the relations (21), it results that the composite’s elagtic
properties are depending on the volume ratios, on the distribution in space ad on the
congtituents' properties. While the relations previously found in the spedalty’s literature
treat separately every elastic constant, the relation (21) is totally determining the matrix of
the eastic constants, by tading into acount the pre-existing connections between them.

Because the matrices [a] and [y] are symmetrical and [B'] = [B]t , it results that , for
the composite material, the matrix of the elastic coefficientsis symmetricd too.

under the following matrix form:
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3. PARTICULAR CASES

If the materials from the composites drata should be orthotropic, then the cell s of
the matrices for elastic constants would have the forms:

s s ocC © 0 siC
[Al=30 s) of. [B]=0 o siE
Ho o sggg B o oF

EBS} 0 ocC
[c]= Do st OE i=1n 22 In
Ho o sUF
this case, through (21) we awme to:
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5'544 0 0 E
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Sa=5rD 4 S o (st -
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Z:

Where:

A, =SSy - S7'S))

(33)

(34)

= Vi = Vi« = Vi = Vi i
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If the composite's strato should have been made of homogeneous and isotropic
materias, then the cell s of the matrices representing the dastic coefficients would have had

the form:

01 v, C
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O C
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Where:
-E, isYoung smodulus;

- Gi is the tearing modulus for the material "i";

-V, Poison's coefficient for the material "i".

The cdls of the matrix for eastic coefficients have the form (23), where:

12 VE
SII:SZZ:Z 4 1_IVI.2
1 & VEy,
SZl=Slz=—Z 2 12
— __1 C ViVi . ViEi
1
Sﬁﬁz 1
V.G,
n Vi
5442855226
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(37

(39)

(39)

(40)

(41)

(42)

(43)

(44)
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4. EXPERIMENTAL RESEARCHES

The most important elastic constant of a material is the elasticity modulus. In the
view of its determination, a device was used, presenting the loading scheme from figure 2,
onwhich the test boards were fixed.

e It

-
| =
”’ 7 ﬁ

Fig.2. Experimental setup: (e)- test board; (C)-comparative apparatus
(P)-external loading

On them were exerted successve darges, and the arow was measured with the

help of a comparative apparatus.
The form and the dimensions of the best boards are presented in figure 3.

h

| - ,‘
< L
¢ | 4

Fig.3. - Theform and the dimensions of the best boards.

For the cculation d the elagticity modulus was employed the formula:

_ L5 P
E= s Gﬁ—f [MP4] (45)

Where:
- L0 = the length existing ketween the supports [mm];
- b=thewidth o thetest board [mm;
- h=thethicknessof thetest board [mm];
- AP =thevariation of the external loading [N];
- Af =thevariation of the arow [mm].
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Measurements were made for test boards made of resin (E=4500MPa; vV = 0,3)

reinforced with fibbers of flax (E=28000 MPa, V =0,2), for three volume ratios of the
reinforcer, the results being presented in table (1).

Table 1. Experimental modulus of elasticity

Volumeratio Dimensions of test board Experimenta Modulus of
Nr data easticity E
ot oo | Resin Lo b h AP Af [Mpa]
[(mm] | [mm] | [mm] [N] | [mm]
0.98 0.29
1 0.4 0.6 205 26.2 2.8 1.96 0.57 12917
2.94 0.87
0.98 0.36
2 0.5 0.5 205 255 25 1.96 0.68 15451
2.94 1.06
0.98 0.26
3 0.6 0.4 205 26.5 2.6 1.96 0.52 17709
2.94 0.79

The most used formula in the cdculation of the dasticity modulus at the bi-phase
composite materiasis[9;10.]:

E,=EV, +E)Y, (46)

From the relation (32), the dasticity modulus could be obtained for the cmposite
material made of two constituents:

=i - (V1E1 "'VzEz)2 _(V1E1V2 +V2E2V1)2

2 2
Sy VlEl(]‘_V2)+V2E2(]‘_Vl)
In the table (2) are comparatively presented the results obtained through the
relations (46) and (47) and the experimental ones.

E

(47)

Table 2. Comparative results of the modulus of dasticity

Volumeratio Modulus of dadticity E [MP4]
No. Crt. v v Relation Relation Experimental
! 2 (46) (47) results
1 0,4 0,6 13900 13480 12917
2 0,5 0,5 16250 15640 15451
3 0,6 0,4 18600 17830 17709

5. CONCLUSIONS

In the proposed method, the unhomogeneous material, formed by homogeneous
phases, is assmilated with a homogeneous, but unisotropic material.

Unlike the reations from the specialty reference material, which discuses
separately each elastic constant, in relations (21) it determines unitary all elastic constants.

It also proves that elastic coefficients matrix of the composite materia is
symmetricaly.

Using the cdculations relations the matrix elements of the composite’s elastic
constituents, it can be observed that they depend on:

- thevolumic proportion of the mnstituents;
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the volumic distribution (the spadal distribution) of the constituents;
elastic properties of the component phases.

Since the method principle @nsist in weighting o the deformation states and of
the strains, and of determination the relation between them, we can conclude that
composite's properties adso depend on solicitation manner to which is submisson,
particularly, on the daboration method.

By the comparison of the theoreticd and the experimental results, it results that for
the longitudinal elasticity moddus, the theoretica relations, both deduced and from
reference material overestimates its numeric value.

This can be explained that it cannat entirely eliminate the air pockets. This makes
that, in real, the volumic proportions of the cngtituents being smaller than the theoreticd

ones.

10.
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