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Abstract. The dynamics of the transition processes in plasma turbulence described
by the norlinea Langevin equation (1) is gudied. We show that intermittent or global
transiti ons between metastable states can appear. The conditions for the generation of these
trangitions and their statisticd charaderistics are determined.
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1. INTRODUCTION

The statistical approach of plasma turbulence was much developed in the last years
[1], [2], [3]. An important application of these methods is the study of the transition and
bifurcation phenomena, which have been observed in magnetized plasmas [1], [4]. In this
theoreticd framework a statisticd theory of subcritically excited strong turbulence in
inhomogeneous plasma was recently developed [5], [6], based on the renormalization and
random coupling model. It was sown, that self-sustained strong turbulence @n be
produced by subcritically excited modes [7], [8], [9]. The airrent-diffusive interchange
mode, for example, generates turbulence in inhomogeneous plasma through this non-linea
statisticd mecdhanism. In a unified treatment of thermal and turbulent fluctuations it was
shown that the coherent part determines a nonlinear drag whil e the incoherent part has the
effed of a noise in the evolution o atest mode. A Langevin eguation was deduced for
describing the evolution of the turbulence anplitude, which includes both the thermal and
the turbulent noise in the presence of turbulent and collisonal drag [7]. Several studies of
other modes [10], of the L-H transition in tokamak plasma and o transport barriers [11]
lead to the cnclusion that this gatistical approach has a wide applicability in pasma and
fluid turbulence. The behavior described by the non-linear Langevin equation appears to be
generic for a wide class of processes in plasma turbulence Moreover, this method of
analyzing strong turbulence shows a direction to extend principles of statistical physics as
Kubo formula and Prigogine's principle of minimum entropy production rate to non-
equili brium and nonlinear systems.

In these models the quantity of interest x (a mode amplitude, or the turbulence
energy, or the dectric field) is a stochastic function d time. Its evolution is siown to be
governed by a Langevin equation containing a nonlinea damping term and anoise[7]. The
latter can have several sources and is usually modelled by a white Gaussan noise with
amplitude that can depend on x. The main interest is to determine the probability density
function for this quantity. Due to the nonlinearity of the damping or of the noise anplitude,



34 M. Viad et al.

the probability density is non-Gaussan. It was determined by deriving a Fokker-Planck
equation from the Langevin eguation. The solution of this equation was obtained in the
asymptotic stationary regime axd the transition probabilities were determined. The
transtion between metastable states were studied with this type of stationary solution for
severa systems and the dependences on the physicd parameters were determined. Non-
Gaussan probability density functions having two maxima or power law tails were
obtained. However, these were obtained only in the limit of stationary state, and the study
of dynamical evolution has not yet been fully addressed.

In this paper we study other characteristics of the transitions in strondy turbulent
plasmas, which are esentialy related to the dynamics of this process. We determine the
time evolution of the system, the possble stationary states and the conditions for reading
these states. The two-moment Lagrangian correlation and the frequency spedrum that
charaderizes the transition process are determined. To this am we analyze the Langevin
equation rather than the Fokker-Planck equation and we determine moments of the
stochastic function X(t).

The paper is organized as follows. The physicd model, the basic equation and the
method d study are presented in Sec. 2. The results are anayzed in Sec. 3 where
intermittent and global transitions are evidenced. Statitica properties related to Lagrangian
correlations and frequency spectra are determined in Sec 4. The conclusions are
summarized in Sec. 5.

2BASIC EQUATION AND STATISTICAL APPROACH

The following nonlinear Langevin equation was deduced [7] in the studies of strong
turbulence:

dx _
P + L (X)x = Rw(t) @

where L(x) is a deterministic amplificaion and w(t) is a Gaussian white noise with
amplitude R. The diffusion coefficient determined by the noise in the absence of the
deterministic amplificaion is D, = R%. We onsider R=const. but the study can be essily
extended to x dependent amplitude. The essential feature of this equationis contained in the
deterministic term L (x)x which has three zeos such that in the absence of noise Eq. (1) has
two stable fixed pdnts and one unstable fixed point. The function L (x) is modelled by

where 0<a<l. Thus multiple stationary states appear: all trgjectory determined from Eq. (1)
L(x)=(a- x)1- x) (2

with initial condition X, < a evolve to the stable point x=0, those with x, > a go
asymptotically to x=1 and there is an urstable eguilibrium a x=a. The noise makes the
fixed pants metastable and transitions can appea between the two points x = 0 and x=1.
As down in [8], [11] such transitions from x @0 (fundamental state) to x @1 (excited
state) explain important plasma processes as subcritical excitation of turbulence or
generation of aradia eectric field and  H mode in tokamak.

We are interested here in the dynamics of the processof transition described by Eq.
(2). Thisevolution is well represented by the time dependence of the average X(t) =<x(t)>,
which is adually an approximation of the probability of finding the system in the excited
state at time t. <...> represents datisticd average over the redizations of the noise. We
study diredly the Langevin eguation (1) by developing the hierachy of equations for the
moments and using the aumulant expansion procedure. We show that the truncation of the
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moment system by negleding the cumulants of order higher than nconverges rapidly if the
processis not very slow. The main feaures of the evolution already appear in the lowest
approximation (n=2) and starting with n=4 the corrections becomes of the order of 1% for
the main range of the parameters of interest. The results presented in the next sedion arein
the 6th cumulant approximation.

The moments of the stochastic function xt), the solution of the Langevin equation
(1), can be systematically obtained from the explicit form of (1)

%:-x3+(a+1)x2- ax+ Rw(t) €)

where the right hand term is v(x)° -L (X)X, the rate of variation of x(t). The solution of Eq.
(3) in a redization of the noise will be cdled trajectory. The initiad condtion in al
redizations is x(0)=0. Multiplying this equation with x™* and performing the aerage one
obtains

ldMn
n dt

=-M,,, +(@+)M, - aM, +R(x"'w) (4)

where M, © <x"(t)> is the moment of order n of the trajectory. The aserage in the last term
of Eq. (4), C,(t)° <x"(t)w((t)>, isdetermined usingtheformal solution of Eq. (1)

X(t) @x(t - at) +v(x(t- ot))t + (“)m Rw(t )dt (5)

for small dt. In order to dotain C,(t), this equation is multi plied with w(t), is averaged over
the noise and the limit dt ® O is performed. Since the average of the product of any
function of x(t) with awhite noise w(t) iszero at t <t, the aserages obtained from the first
two termsin ther.h.s. of Eq. (5) are zeo. Thelast term leads to

R
C,(t) ° (xw(n)) = . (6)
. t C')k _2 1
ggg<®m w(t)dt = W(t)> = Edk,l (7)
The higher order corrélation are obtained using the identity

which hads for Gaussian white noise. The arrelation C, (t) is cdculated as

C,(t) = gg})@a - at) +v(x(t - dt))at + Réd w(t)dt %nw(t)> ©)

and since the averages of powers of the first two terms in Eq. (5) multiplied with the third
one ae zeo (becauset > t-dt), this expresson reduces, after straightforward calculations
and using Eq. (7), to

C,(t) = n%ggﬂ)«x(t - o) + v(x(t - Ot))OT)n_l> = n§<xn-1> ©
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The moment equation (4) can be written as:

1d™m R?
—F=-M_,,+@+Y)M ., - aM, +(n-H)—M . 10
P 2 T(@+DM (n-D—>M,, (10)

and thus a system of exad equationsis obtained for the moments. The sourcein this system
is determined by the noise and appears only in the equation for M,. Since M, = M;® +
<dx(t)>, where dx(t) © x(t) - <x(t)> is the fluctuation of the stochastic solution, the noise
drives the dispersion <dx?(t)> of the trajectories and this dispersion generates the whole
chain o moments through the couding of the moments. The moment coupling is
determined by the nonlinea deterministic term in ther.h.s. of Eq. (3) which thus represents
the mechanism for transforming the Gaussan white noise into a nonGaussan probability
distribution of the solutions of the Langevin equation.

The system (10) has to be truncated and closed at an order n by providing
approximations for the two supplementary moments M,.; and M., appearing in the last
two equations. This is dore by negleding the cumulants of order higher than n and by
approximating the two moments M,.; and M., using the first n cumulants [12]. Due to the
closure the system of moments (10) is adudly nonlinear. The moments M,, can be
expressd in terms of the moments of the fluctuation dx(t) (or central moments) as

_ d aﬂo n-k
A (o) e

and <dx*(t)> are determined by the aumulants k; with i < k. The following expressons can
be obtained for the first eight central momentsin terms of cumulants:

(@) =0, (&&)=k,, (a)=k,, (12

(d*) =3k +k,, (&) =10k,ky +ki, 13

The successive approximations were considered, for n=2, 3, 4, 5, and 6. For instance,
(o) =15k ke, +15k3 +10k? +Ks, (14)

(o) = 21k ks +105 Sk +35k ok , + K-, @5

<o§<8> = 28k ko +210k 2k , +105c; +35k 7 +56k .k, + 280,k +kg. (16)

in the cae n=5 the system contains the Egs. (10) for n=1,...,5 and Mg, M5 are determined in
the fifth cumulant approximation using Eq. (11) with <dx®(t)> and <dx'(t)> determined
from Egs. (14), (15) where kg, k; = 0.

The results obtained for the average X(t) © M, and the dispersion g(t) © <dx?(t)> =
M,- M,? for two typicad sets of parameters are presented in Fig.1. They show that the
truncation o the system by negleding the cumulants of the order higher than n converges
rapidly. The differences between the approximations are larger for larger values of the
amplitude of the noise. One can see that even the lowest 2-cumulant approximation aready
shows qualitatively the characteristics of the solution. We note however that the acaracy
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of the cumulant method depends on the dharacteristic time for the evolution of the system.
Higher order approximations are necessary when the evolution is dow. Such a very sow
evolution appear for a<0.5 in the limit R® 0. The sixth cumulant approximation is not
sufficient in thislimit.

This fast convergence of the cumulant approximation is due to the following two
aspeds. First is the important property of the awmulants, namely that adding a cumulant in
the characteristic function daes not change the values of the lower order cumulants and
moments, athough it can strongy change the shape of the distribution function. Secondly,
the dynamics determined by Eq. (10) couples only a few moments and the goproximation
involved in the closure of the system affeds directly only the last two equation for the
highest moments.

Remark The moment system (10) is very suitable for a study of closure methods. It is rather
simple and a large number of equations can be solved. This permits to push the errors
involved in the truncetion at high order moments and to have arather correct evolution of
the first moments at small time. One can easily try various closure procedures for systems
with 20 equations or more. Most of them lead to corred evaluations at small time but to a
fast, explosive behavior at later times. The error propagation and amplification is © strong
that even some stationary state cannot be obtained. The fast convergence and the stability of
the cumulant truncation appear quite impressve in this context.

2=0.3, R*=0.01

Fig. 1. a Fig. 1.b

Comparative results of the successve approximations for the average X(t) (a) and
dispersion (t) (b): 2-cumulants (dotted), 3-cumulants (dashed), 4-cumulants (dot-dashed),
5-cumulants (solid) and 6-cumulants (bold).

Two typical sets of parameters are mnsidered a=0.3, R*=0.01 and a=0.7, R*=0.1.

3. INTERMITTENT AND GLOBAL TRANSITIONS

Three types of evolutions were obtained for the system described by the Langevin
equation (1), (2). We present here results obtained numerically in the sixth cumulant
approximation.
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The first type of evolutionis own in Fig.2, for a=0.7 and R? = 0.01. The moments
(Fig. 2a) and the wmulants (Fig. 2b) grow monotonically and saturate. The arerage X(t) is
small and the high ader cumulants are negligible. Consequently x(t) remains around the
stable point x=0 which means that a very small number of trajedories perform the
transtion to the excited state. The distribution d x(t) is close to a Gaussian with small
dispersion around the initial position. The fluctuations dx(t) have an amplitude comparable
with that of the noise: <dx?(t)> @R%2L (0). Actually, the solution okiained in this case is
close to the analytica solution correspording to constant L in Eq. (1). Physicdly, thisisthe
case of avery low amplitude noise, which cannat induce the transition to the excited state.
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The evolution of the moments (a) and o the aumulants (b) for a=0.7 and R*=0.01.
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The evolution of the moments (a) and o the aumulants (b) for a=0.7 and R>=0.1.
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Fig. 4.a Fig. 4.b.
The evolution of the moments (&) and of the aumulants (b) for a=0.3 and R*=0.01.

The second type of evolution is presented in Fig. 3 for a=0.7 and R*=0.1. The
moments (Fig. 3a) grow monotonicaly and saturate but at much larger values. At fixed
shape of the nonlinear term (fixed @), these asymptotic values depend on the amplitude of
the noise: they increase when the amplitude R increases. The evolution to the stationary
state is faster when the anplitude of the noise is higher. The cumulants (Fig.3b) have more
complicated evolution kefore reaching a stationary state & values, which are sensibly
different from zero for al of them and depend on the anplitude of the noise. This means
that the probability distribution is not gaussan. The asymptatic value of X(t) is much larger
than in the previous case but remains gnaller than a, even at high amplitude of the noise
showing that the tragjectories are more attracted by the stable point x=0 and a smaller part of
the tragjedories perform trandtions to the stable point x=1. A statistica mixture of states
with x(t) @0 and x(t) @1 exists and transitions between ore state and the other appea. The
numbers of tragjectories in the two metastable states are of the same order, but with the
fundamental state more present. The physica interpretation of this type of states, which
appear at higher amplitude of the noise, consists in the intermittent behavior of the
turbulent system. The noise determines transitions to the excited state but also badkward
transition to the fundamenta state. Consequently, the evolution of the system consists of a
random sequence of time intervals in the fundamental and excited states, with fast transition
between these two metastabl e states.

The third type of evolution is represented in Fig. 4, for a=0.3 and R? =0.01. All the
moments are comparable and have similar evolution. They remain small for some time,
then they grow and saturate & a value close to ane (Fig. 4a). The second cumulant (Fig. 4b)
grows dowly, then very fast during the time interval when the moments grow and after that
it deceys rapidly and saturates at a small value. The other cumulants remain zero at small
time, have strong \eriations during the increase of the moments and eventually they decay
to zero. This clearly shows that the probability distribution evolves from the initiad d-
function to an expanding Gaussan which moves toward x=1. When it reaches the unstable
point x=a, the distribution is strongy distorted and expands (g(t) is more than 10 times
larger than R for the case presented in Fig. 4b). The distribution continues its displacement
toward x=1 and, when the unstable point is bypassed, it recovers the Gaussan shape and
the dispersion decays to a small value of the order R? (correspording to constant L). Thus,
in this case an amost global transition to the excited state x=1 was performed due to the
noise. A stationary and stable excited state is generated by the noise in these cnditions,
with badkward transitions having very small probabili ty.

The dependence of the average & sationarity, X4, on the noise amplitude is
represented in Fig. 5a. The aimost global transition can be observed in the upper curve for
a=0.3. It has an upper threshold in the noise amplitude R. For noise amplitude smaller this
value, the global transition to the excited state always appeas as e by the value of Xg
which is very close to 1 At higher amplitude of the noise, the average stationary value
deaeases owing that the trgectories are around bah stable points. An intermittent
behavior of the turbulence similar to that presented in Fig. 3 appeas. The stationary value
of the average corresponding to the previous case (Fig. 3) is aso represented in Fig. 5a
(lower curve for a=0.7). One @n see that the global transition (with X4 @L) does not appear
in this case: at low amplitude of the noise the upper state is amost empty and at higher
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Fig. 5. a Fig. 5.b.

Effects of the noise anplitude: (a) the stationary (asymptotic) value of the average as a
function o naise anplitude R? for two values of a; (b) the time for reaching the stationary
state as a function of R? for a=0.3 (circles) and a=0.7 (diamonds). Circles and diamonds are
determined by numerical simulation of the stochastic trgjectories. The results obtained with

the 6th cumulant approximation (dashed and solid lines) are corred whenty < 30.

The noise amplitude R strongy influences the characteristic time of the evolution of
the system. This influence is represented in Fig. 5b there the time of reaching the stationary
state, tg , is plotted as function of R? for a=0.3 and 0.7. We have chosen a physica
definition for tg as the time during which the average X(t) reates 95% of its stationary
value. One can seethat in the case of global transition (a=0.3, R? < 0.01) thistime is very
long and it rapidly increases when R deaeases. In the intermittent case (R? > 0.01), tq is
practicdly independent on the shape of the anplification rate (parameter a) and deaeases
approximately as tg ~ R™>. We note that the results in Fig. 5b represented by circles and
stars are obtained from numerical ssimulation of the stochastic tragjectories. The dashed and
the solid lines are the results of the 6th cumulant approximation. One can see that at small
noise amplitudes this approximation is nat sufficient. Actualy, the validity of the aumulant
expansion depends on the characterigtic evolution time of the system. Figure 5b shows that
this method wsed in the 6th order gives good results for t 4 < 30. At dower evolution (t4 >
30) higher order cumulants have enoughtime to develop through the awuping determined
by the nonlinear term in Eq. (1) and thus they cannat be neglected.

In conclusion, intermittent or global transtions to the excited metastable state can
appear depending on the parameters a and R. At the same values of the noise anplitude,
completely different evolution of the system was obtained (note that the amplitude of the
noise in Figs. 3 and 4 is the same). The strong difference between the two cases is
determined by the shape of the norlinea growth term xL (x) and more exadly by the
relative values of the derivative of this growth term, v; © -d (xL (x))/dx, in the two stable
points. This parameter characterizes the stability of a fixed point, which is gronger at large
negative values of v,. For the model considered here, EqQ. (2), v1 (0) = -aand v; (1) = -(1-a)
and thus for a<0.5 the point x=1 is more stable than x=0 while for a>0.5 the initid point
x=0ismore stable.

The mnditions for the global transition to the exited state can be observed in Fig. 6a
where the stationary value of the average anplitude X is plotted as a function of a for
severa values of the noise amplitude. One can see that the global transitionis not possble
at a>0.5. It appeas at small noise anplitude for a<0.5. When the threshold of the naise is
attained, the global transition is not more possible, first a a @0.5 and then neither at
smaller a. At higher noise anplitude or for 0.5, the system has an intermittent behavior
with trapping intervals around ead of the metastable points and fast transitions.

Fig. 6.a Fig. 6. b.
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(a): The stationary value of the average @ afunction o afor severa noise anplitudes; the
values of R? label the aurves. (b): Comparison of the present method (closed dots) with Eq.
(19) (dashed line).

It is worth while to compare the present results with those obtained by an adternative
method In the steady state, a statisticd estimate for <x> has been obtained by employing a
Fokker-Planck eguation, which is derived from Eq. (1). By introducing a potential function

S(x) = QZF';;‘ dx (17)

the probability that the stateisfound near x=1is given as

1
p_ = 18
1+ exd S 18

keeping the dominant exponential dependence (see[7], [11]). In this case we have <x> =

_ 1
<X> T 1+ex S(1) (19

Xszl and

This alternative evaluation is compared with the results in this article. Figure 6b illustrates
the results of this cumulant method (closed das) and formula (19) (dashed line) for fixed
value of R% It shows that the agreement between the two methods is good. The method
presented in [7], [11] provides a simple formula for evaluating the average in the steady
state, whil e the present method allows the study of the dynamical behavior associated with
the transition.

4. LAGRANGIAN CORRELATION AND
TRANSITION SPECTRA

More details about the dynamics of the transition process can be obtained from
Lagrangian correlations and frequency spedra. They are determined from the correlations
of the trajectory fluctuations at two time moments, G(t,t') © <dx(t)dx(t')>. This is a
symmetrical function o the two time aguments, with a maximum a t=t’, where
G(t,t)=g(t). The Lagrangian correlation of the rate of variation of x(t), v(x,t)=-xL (x)+Rw(t)
is defined by

L(t,t') = (v(x(t),t)- (v(x@), )] (x@).t)- (vixe), b)) (20)
and its Fourier transform represents the frequency spedrum of the process For a stationary
process this function depends on t = |t-t'|. The Lagrangian correlation describes the
coherence of the stochastic evolution: it is delta-function in the case of a non-correlated
noise and afunction extended to t® ¥ for adeterministic evolution.
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The equation for the fluctuations dx(t)=x(t)-X(t) obtained from Eq.(1) in each
redization of the noiseis

dak 1 1 dX
E:v(X)+dxvl(X)+§dx2v2(X)+Eak3v3(X)+RW- it (21
where vy=dv/dx, v, = dv/dx?® and v; = d®v/dx®. This equation is exact for the velocity
represented by a polynomia of order 3. Multiplying this equation with dx(t') and
averaging, one obtains

1G(t.t)

i =G(t,t')§vl<xa))+%g(t)v3(><(t))§+ca,t') (22

where the cumulants of third and forth order, were negleded for ssmplicity. Thisequationis
valid for t' >t and the last term is the fluctuation-noise correlation C(t;t") © <w(t)dx(t’')>.

ICEt) _ ~\ . 1€ R U o2 .
T =C(t;t )gvl(x(t ))+§g(t YV (X(t ))H+ Rd(t- t'). (23

An equation for this function can be obtained using Eq. (21) and the same approximation:

The solution of thiseguationis
! 1 2 ét\ u
C(t:t") = Q(t- )R" expegy (9)dqq (24)
ér 1]
where Q(t'-t) isthe step function, whichisequal to 1 for t'>t andis zero otherwise, and

1
I[(q)° Vl(X(q))+§g(q)V3(X(CI))- (25
Using Eq. (24), the solution o Eq. (22) interms of the average X(t) is
t ét t l\J
G(t,t') = R* ¢x Q(t- x) expegy (@)dg + ¢y (@)dqu (26)
0 @( X

The Lagrangian correlation of the rate of variation of the fluctuations (20) is obtained
from Eq. (26) by time derivatives

L(t,t) =/ Ogt,t) (') +/(t) engd (q)dq3+ Red(t- t') (27)
Et O

for t’ 3 t. Equations (26) and (27) show that the processis nat stationary at small time but it
reades a stationary state because | (t) saturates at a negative value & e from Eq. (23)
with the time derivative equa to zero. The first two terms in the Lagrangian correlation
(27) (dencted by L(t,t')) are determined by the interaction of the noise with the nonlinea
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amplification rate while the last term is the direct contribution d the noise. Ly(tt') is
negative, showing that the deterministic part of the process contributes to compensate the
effed of the noise. The nonlinea term hinders the diffusive evolution corresponding to the
white noise producing the trapping of the stochastic trajectory x(t).

Typical results obtained for the correlations G(t,t') and L(t,t’) are presented in Figs. 7
and 8. Significant differences can be observed between the intermittent and global
transtions. In the @se of intermittent transitions between the two metastabl e states, g(t), the
maximum of G(t,t"), and its width are @ntinuously growing w to stationary values (Fig.
78). The Lagrangian correlation L(t,t") (Fig. 7b) has a negative minimum at t =t’ which is
very deep at small time and it continuowsly rises and becomes wider up to the saturation.
This $hows that the trapping effed is dronger at small time and at later timeit is reduced by
the adion d the noise.

Fig. 7. a Fig. 7.b.

The wrrelation o the trgjectory fluctuations G(t,t") (a) and (b) the Lagrangian correlation
(27) for the intermittent transition (a=0.7).

Fig. 8. a Fig. 8. b.
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The wrrelation o the trgjectory fluctuations G(t,t") (a) and (b) the Lagrangian correlation
(27) for the global transition (a=0.3).

The stationary correlations has an exponential shape

2 ft-t]o
L (tt)® L (t-t)» ex%— L ls (28)
t. o

In the cae of a globa transition (Fig. 8a), the arrelation G(t,t') shows a strong
increase of its maximum and o its width when the average is around the unstable point,
X(t) @a. Later in the evolution the correlation strondy deaeases and becomes very narrow.
The Lagrangian correlation L(t,t") represented in Fig. 8b has a deep negative minimum at
small time (as in the previous case) but as X(t) approaches the unstable point it becomes
practicdly zero showing that at this sage the deterministic process cannot determine an
opposition to the noise and, due to this, the arrelation of the fluctuations G(t,t') is strondy
growing and expanding. Later a small negative mrrelation L, appeas on large time
intervals which develops a minimum at t=t’. This minimum becomes at stationarity very
narrow and deep showing a strong trapping around the x=1. The stationary Lagrangian
correlationis exponentia asin the previous case, Eq. (28), but the crrelation timeis much
smaller.

The orrelation time t . was determined for the global and the intermittent transition.
In the first case it is practicadly independent of the noise amplitude axd can be
approximated by t. @v.(1)[* = (1-a). In the intermittent state the correlation time depends
on the noise amplitude and is only we&ly influenced by the parameter a of the
deterministic term. The correlation time a function of the noise amplitude is represented in
Fig. 9 for the intermittent transition. At small amplitude the correlation time is constant and
isgiven by t. @\v,(0)[* = a™. At such awea noise the system remains in the fundemental
state (only a negligible number of trajectories perform transitions). The incresse of the
noise amplitude determines a strong increase of the rrelation time t.. This $ows that
large mherent displacements can appear and that the system has an intermittent evolution
with trapping in the two metastable states. At larger amplitudes of the noise the arrelation
time decgys due to the decay of the trapping time. The intermittent behavior of the system
is progressvely lost and the evolution becomes random. Thus, the intermittent transitions
appear for alimited interval of the noise anplitude, asthe global transitions.

The spedrum of the stationary state can be approximated by

1
(tw) +1
where the first term is the contribution of the white naise and the second term is the Fourier
transform of the norlinear contribution L, given in Eq. (28). One can see that the
nonlineaity eliminates the small frequencies (S(w) @O for |w| << t.*. The stationary
spectrum has the same expresson for intermittent and global transitions. There is however
a significant difference due to the correlation time t, which is much smaller for the global
transition than for the intermittent one. Consequently, alarge range of frequencies around w
= 0 is diminated in the spedrum of the global transition. This means that only the
components of the Lagrangian velocity with large frequencies remain and thus the
displacements in the stationary state ae dl small. In the intermittent state, much smaller
frequency components of the Lagrangian velocity are present determining large
displacements (between the two metastable points).

S(w) »1- (29



Intermittent and global transitions in plasma turbulence 45

Fig. 9 - The correlationtimet . for the intermittent transition as a function of the noise
amplitude.

5. CONCLUSIONS

The dynamics of the transitions in plasma turbulence based on the nonlinea
Langevin equation (1) was dudied. It was siown that two different types of transitions can
be generated by the noise from the fundamenta metastable state to the upper state:
intermittent and global transtions.

In the intermittent transition the evolution of the system in each redli zation consists
of a random sequence of trapping intervals in the fundamental or in the excited state
separated by fast transitions. The probability distribution function of the stochastic function
of time x(t) is non Gaussan during the evolution and in the stationary state. The dispersion
of the trajectories increases with the noise anplitude and has weg dependence on the
details in the shape of the norlinear term (on the parameter a). The crrelation time of the
Lagrangian rate of variation of x(t) shows that the intermittent transitions appea for a
limited interval of the values of the noise amplitude. At weak noise the system remains in
the fundamental state and at too large noise amplitude the evolution is random and
metastable states do nd exist.

The global transitions lead to stable excited states and the evolution in most of the
redi zations consists of a siingle transition and permanen trapping o the system around the
upper state. Such transitions strongy depend on the nonlinear deterministic term (on a).
They appea when the upper point is more stable than the lower one and for the noise
amplitude smaller than a threshold value (which depend on a). The noise amplitude (below
this value) does not influence the stationary state but it determines the caracteristic
transtion time. The latter is large mmpared to the time of reaching the stationary state in
intermittent transitions and increases rapidly to infinity when R ® 0. The statistical
properties of the globa transtion are different of those of the intermittent transition. The
probability density shows a strong non-Gaussan transitory state with large fluctuations
(when the average is around the unstable point, X(t)=a) but at latter times the fluctuation
amplitude strongy decays and the distribution becomes Gaussan. The correlation time of
the Lagrangian rate of variation of x(t) increases very strongly around the unstable point
and then it deca/s at a much smaller value determined by the stability parameter of the
upper state. In the stationary frequency spedrum a large range of frequencies around w = 0
is eliminated by the action of the nonlinear term showing that large displacaments
(backward transitions) have very small probabili ties and the system is stable in the excited
State.



46 M. Viad et al.

Acknowledgments: This work is performed during the stay of MV and FS at NIFS as
visiting professors. They warmly acknowledge the hospitality of Professor M. Fujiwara,
Profesoor O. Motojima and of the NIFS colleagues. This work is partly supported by the
Grant-in-Aid for Scientific Research of MEXT Japan and by the cllaboration programs of
NIFSand RIAM.

REFERENCES

1. A. Yoshizawa, S.-I. ltoh, and K. Itoh, Plasma and Fluid Turbulence (I0OP, England,
2002).

2. J. A. Krommes, Phys. Reports 360, 1 (2002).

3. C. W. Horton, Rev. Mod. Phys. 71, 735(1999).

4. P.W. Terry, Rev. Mod. Phys. 72, 109 (2000).

5. S-I. Itoh and K. Itoh, J. Phys. Soc. Jpn. 68, 1891 (1999).

6. S.-1. Itoh and K. Itoh, J. Phys. Soc. Jpn. 68, 2611 (1999).

7. S-1. Itoh and K. Itoh, J. Phys. Soc. Jpn. 69, 408, (2000).

8. S-I. Itoh and K. Itoh, J. Phys. Soc. Jpn. 69, 427 (2000).

9. M. Kawasaki, A. Furuya, M. Yagi, K. Itoh, and S.-1. Itoh, Plasma Phys. Control. Fusion
44, A473 (2002).

10. S--I. Itoh and K. Itoh, Plasma Phys. Control. Fusion 43, 1055 (2001).

11. S-I. Itoh, K. Itoh, and S. Toda, Phys. Rev. Letters 89, 215001 (2002).

12. A. Papodis, Probability, Random Variables, and Sochastic Processes, 2nd edition,
McGraw-Hill, New York, 1984,



