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Abstract. The aim of this paper is to study the asymptotic behavior of the solution of a
parabolic dynamical boundary-value problem in a periodically perforated domain. The domain
is considered to be a fixed bounded open subset Wi RV, in which identical and periodically
distributed perforations (holes) of size eare made. In the perforated domain we consider a heat
equation, with a Dirichlet condition on the exterior boundary and a dynamical boundary
condition on the surface of the holes. The limit equation, as e® 0, is a heat equation with
constant coefficients, but with extra-terms coming from the influence of the non-homogeneous
dynamical boundary condition.
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INTRODUCTION

The aim of this paper is to study the asymptotic behavior of the solution of a
parabolic dynamical boundary-value problem in a periodically perforated domain. Such
problems, athough not too widely considered in the literature, are very naturd in many
mathematical models as partidly saturated flows in porous media, heat transfer in a
solid in contact with a moving fluid, diffusion phenomena in porous media (see [1], [2]
and the references therein).

Let W be an open bounded set in RN and let us perforateit by holes. Asaresult,
we obtain an open setW° which will be referred to as being the perforated domain; &
represents a small parameter related to the characteristic size of the perforations. We
shall ded with the case in which the perforations (holes) are identical and periodically
distributed and their size is of the order of €. In the perforated domain we consider a
heat equation, with a Dirichlet condition on the exterior boundary and a dynamical
boundary condition on the surface of the holes.

Our main motivation isto study the asymptotic behavior, as e® 0, of the
solution W of the following dynamical boundary-value problem:
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u®(0,x)=u’(x), in W°, (©)
u®(0,x)=v°(x), onfF®, @)
u® =0 onfw (O, T). (5)

Here, f T L*(0,T, L*(W),gl L?(0,T,H;(W),u’T L*(W),Vv°T L*(TF°),
(0,T) isthetime interval of interest and IF © is the boundary of the holes.

As we shall see in Section 4, there exists an extension U° of U° into dll
W (0,T) such that U°® usrongly inL*(0,T,L*(W)) and U is the unique
solution of the following system (the macromodel):

NIRRT
MW W ©
N(QNu) = | | |W, in W (0,T), (7)
)

u(0,x) =u’(x), inW,

u=0 onfwW (0O,T).
where Q = ((q| j ) is the classical homogenized matrix whose entries are defined by

], 1. 1,
MY MOy

in terms of the functions h; , solutions of the system

- Dh; =0, inY’, ©)

ith; - y;) =0, onfF (10)
Tn ’ ’

h,isY - periodic. (11)
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Here, F isthe dementary hole, Y isthe eementary cdl of periodicity and
Y =Y\ F (see Section 2). Thus, in the limit, when €® O, we get a classical
constant coefficient heat equation, with a Dirichlet boundary condition, with a non-
homogeneous right-hand term and with a constant (due to the periodicity) extra-term
in front of the time derivative, coming from the well-balanced contribution of the
dynamica part of our boundary condition on the surface of the holes. Also, let us note
that the external force g acting on the boundary of the holes leads in the limit to a
force distributed all over the domain U,

The plan of the paper is the following one: in the second section we intro duce
some useful notations and assumptions. In Section 3 we give the main convergence
result of this paper, i.e. the macromodel. For obtaining this macromodel, we need
some preliminary results, which are given in Section 4. The last section is devoted to
the proof of some a priori estimates, independent of & for the solution of the
micromodel and to the proof of the convergence result.

Problems closed to this one have been considered by many authors. Among
others, let us mention the papers of D. Cioranescu and P. Donato [4], [5], C. Conca
and P. Donato [9]. The homogenization of Laplace and Poisson eguations in
perforated domains with holes of the same size as the period and with homogeneous
Dirichlet conditions on the surface of the holes and on the exterior boundary of the
domain was treated in [7]. The same problem, but with homogeneous Neumann
boundary conditions on the holes, was treated in [5]. For the non-homogeneous case,
we can refer to [4]. The homogenization of the Poisson equation (or even a more
generd dliptic equation) with non-homogeneous Fourier boundary conditions on
surface of the holes has been treated in [5].

NOTATION AND ASSUMPTIONS

Let U be a bounded connected open set in R", with boundary U of class C?
and let [O,T ] be the time interval of interest.

Let Y =[0,1,[ {O,1,[ ... [O] \[ be the representative cell in R" and F an

open subset of Y with boundary 1F of class C?, such that F1 Y. Weshal denote
by F®*the trandated image of € by &kl, ki z". Also, we shdl denote by

Fethe set of dl the holes contained in Wand by We =W\F°. Hence, W isa
periodicaly perforated domain with holes of the same size as the period. Let us
remark that the holes do ot intersect the boundary TW.
We shall dso use the following notations: | |
— Y
Y =Y\F, q =W.
Also, we shall denote by ¢ © the characteristic function of the domain W
Let usintroduce the following usual function spaces and norms:
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H=L"W), (uv), = Quvex

_\T

H=L20,T:H), (U )y = Qu(), v(t))ydt,
V =H 1(\/\0, uv), =uv),,+ (Nu, NV)W’

V=L20T;V), (Uv), = é(u(t),v(t))vdt.

THE CONVERGENCE RESULT

For T L*(0,T;L*(W), gl L>(0,T;Ha(W)),u’T L>(W),v°T L*(TF°),
there exists a unique solution U° of the problem (1)-(5) (see, for instance, [3] and
[12]-[12)]).

The main result of this paper is the following one:

Theorem 3.1. Let U® be the unique solution of the problem (1)-(5). Then, there exists
an extenson U°of u®intodl W (0, T) suchthat U° ® U srongly in H and Uis
the unique solution of the following system (the macromodd!):

( v |+|'”F| yu_ N(QNU)=Mf +ﬂg, in W (0,T), (12)

L Yl

u (0,x) =u°(x), inWw, (13

u =0 onfwW (0,T). (14)

where Q = ((qi i ) isthe classica homogenized matrix whose entries are defined by

_m 1, Th,

WMV 9y,

(15

in terms of the functions h i , solutions of the system
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- Dh, =0, inY’, (16)

;- y)) 0, onfF. (17)
n

h,isY- periodic (18)

Thus, in the limit, when €® O, we get a classical constant coefficient heat
equation, with a Dirichlet boundary condition, with a non-homogeneous right-hand
term and with a constant (due to the periodicity) extraterm in front of the time
derivative, coming from the well-balanced contribution of the dynamical part of our
boundary condition on the surface of the holes

Let us note that, using a standard regularization procedure, we are allowed to
suppose that we have a better regularity of the data. Hence, we can get a more
regular solution ([3], [13]). More precisely, we can suppose that

uwT H2(W C HiW), v =u’|,,, fT C*((0,T],L* (W),

gl C'([0,T], Ho(W).
Then, our solution stisfies:
u®T C([0,T];H 2(WP)) € Hy, (We) C CH([O, T, L2(WF)),
UF T C((0,T); Hau (W)
For such regular solutions, the weak formulation of the system
(1)-(5) isthefollowing one:

Fnd u®T C([0,T];H?(W)) C Hy, (W) G C*([0, T]; LX(W)),
ue(0)=u°|w such that
e I

- (U ’E)V\F,T +(Nu. ,Nj )‘V\F’T -.e(u g = .
=(f.) )y s te(90 )ge 1
foranyj T D=CZ((O,T)" W).

PRELIMINARY RESULTS

For obtaining the macromodel, we have to pass to the limit, with € ® 0, in
some surface integrals on the boundary of the holes. For doing this, we shall make use
of a convegence result based on a technique introduced by M. Vanninathan [13],
which transforms surface integrals into volume integrals. This method was also used
for the liptic cae in [4] and [6]. For agiven function hT L?(fF), following [4], let

us denote
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fIF (20)
Ch = u Mg (h),

where M ¢ (h) isthe mean value of h over F. Alsp, let
m, =qC,,. (21)

L
M

For h1 L?(fF), we definethe measure N by

Inparticular, C;

*

(mf.i ) =eq. i (s, for anyj T HEW). (22)

In [4] it was proved that Nf, ® m, strongly in H *(W), with m, given by
(24). Moreover, if h is constant and the boundary of F is smooth, the above
convergence takes place strongly in W™ (W). In the genera case, when
hi L(F), it was proved in [6] that if w"is a sequence from HZ(W) which
converges weskly in Hg(W) to W, then the corresponding linear form Ny defined
by (25) on H'(W°) satisfies:

<nﬁ,v\F|W>® m, yvax.. (23)

On the other hand, since the solution of the problem (1)-(5) is defined only in W° | we

need to extend it to the whole W. For finding a suitable extension U intodl W, we
shall use the following wekknown extension lemma (see, for instance, [7]):

Lemma 4.1. (i) Any functionj T H*(Y") can be extended to a function
7T H*(Y) such that
INF), £CIN; |,
(i) Any functionj ®T H*(W) can be extended to afunctionj ° T H & (W) such
that
], £ clf *

where C isa constant independent of €.

V\/ )

PROOF OF THE CONVERGENCE RESULT

In this section we shdl prove the convergence result given by Theorem 3.1. for
the solution of the problem (1)-(5). This solution being defined only on W° | we need
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to extend it to th ewhole of W in order to be able to state a convergence result. For

doing this, we shall need some accurate esimates for the solution U, indgpendent of
e

Proof of Theorem 3.1. It is enough to prove the convergence result given by

Theorem 3.1. for regular data and so, for regular solutions U°. Then, by performing a
classical regularization process of our data, we are able to prove immediately the
convergence result for the generd case. Hence, let

T H2(W G Ha(W), v° =u°|,, .
Also, let fT C*([0,T],L>(W)) and g1 C*([0, T], H;(W)) . For such regular
datawe know that there exists aunique solution of the problem (1)-(5) such that
uT C([0, TT; H 2(W)) € Hg, (W°) G CH([O,TT; L2 (W),
UF T C((0,T); Hau (W)
For the specid geometry of our problem, we can use the following well-known lemma,

due to C. Conca ([8]):
Lemma 5.1. There exists a positive constant C , independent of e, such that

1
M £CANyy +e2[M
forany vi H*(W°),v=00n IW..
The next proposition gives us some classical energy estimates for such aregular

solution.

Proposition 5.2. For the system (1)-(5), the following classicd parabolic
estimates hold:

e ) (24)

2 2 3 IR 25
sy ory (Jucl, + €] ) N0, £C, #)
e|? el|? e|? (26)
+ + - ,
ut W T € ut T wptI(O,T) u H111W(V\’B) EC

Proof. The proof follows the standard steps for getting classica parabolic
estimates (see, for instance, [12]) and, hencefarth, can be omitted. In fact, using
Lemma4.1. and classical parabolic estimates, for such aregular solution one gets

Theorem 5.3. There exists an extension U° of the solution U® of problem

(1)-(5) into W such that
e NI
| + fu TMNu
qit qit
forany tE£T. Here, C dependsonthedataandon T .

Proof. The proof follows immediately from the extension lemma and classica
parabali c estimates.

Let us introduce now the vector Xx° =c®N0°. Recdl that d is the weak-*
limitin L* (W) of c®.

¥ £C, @

w

Ue

+ ||NG e
w

Wit
Wit
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Lemma 5.4. There exist two fun_ctions ul v (u will be the unique solution
of the limit system (12)-(15)) and X | H such that, at least after the extraction of a
subsequence, we have the following convergences:

U° 3#4® u weskly in V and strongly in H, (28)
u® a u e
® — wedklyin H,
T 4 it y (29)
c® ¥#45®qu weskly in H, (30)
X® ¥4® x  weskly in H, (31
g F 5 -
e?L,j 2 @ Mgéﬂ  +jiD. (32)
Tt Bire T |Y| eft = ayr

Proof of Lemma 5.4. The convergences (28) and (29) are direct consequences
of the estimates given by Proposition 5.2. and Theorem 5.3.. The next one, (30),

follows immediately from the fact that G° ® u srongly in H and ¢® 3%4@® q
weakly-* in L* (W). Also, (31) follows from our a priori estimates. Indeed, we have

Ixe

X°® ¥4® x weskly in H. It remains to prove (32). Le us consider atest function

wT £C and, hence, up to a sequence, there exists x| H such that

j T D. Itiseasy to see that choosing h=1 and teking w® =% ,, from (23) we
get

\ e ~e. < . 33
eQ.u] ,ds :<rrf,u1 t|W3>® m Qui thZ%Q,UJ (adx, (33)

which, integrating in time and using L ebesgue’ s convergence theorem, gives exactly
(32). This ends the proof of our lemma.

Now, let us come back to the proof of Theorem_3.1.. It remains only to obtain the limit
equation (12) satisfiedby U and x . Let j 1 D. We have:
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. \A
Qeuej tdx=Qc ‘U ,dx® ||T|Q u dx, (34)
Q) Nu°Rj dx = ¢ *NT® »Kj dx® ¢ >R dix, (35)
eq. d ds =(nf.gi )® mggj dx (36)
| N (37)
Qﬁ fj dx:chfj dx® quj dx.
So, dl thetermsiin (19) passto the limit, as € ® 0 and, therefore, we get
81?{_|+m96%ﬂi9 +(x,Kj )yr =
M ME e,
Ly L ”
. T, . s =
= (f — "] 1 D.
|Y| ( J )WT + |Y| (gl )W,T J
But exactly like in the dliptical case (see[4]), we have
—q M
X; = qi,- ﬂXj . (39)

Finally, putting together (33)-(39) and having in mind that the solution of the
macromodel is unique, the entire sequence of solutions of the microscopic model
converges as necessary. So, we get (12). Since (13) and (14) are obvioudly sdtisfied,
the proof of Theorem 3.1. for regular sdutionsis complete. As already mentioned, the
proof in the general case comes easy, since it is enough, by density arguments, to
perform aclassical regularization of our data. This ends the proof of the theorem.
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