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Abstract. The aim of this paper is to study the asymptotic behavior of the solution of a 

parabolic dynamical boundary -value problem in a periodically perforated domain. The domain 
is considered to be a fixed bounded open subset Ω⊂RN , in which identical and pe riodically 
distributed perforations (holes) of size ε are made. In the perforated domain we consider a heat 
equation, with a Dirichlet condition on the exterior boundary and a dynamical boundary 
condition on the surface of the holes. The limit equation, as ε→0, is a heat equation with 
constant coefficients, but with extra -terms coming from the influence of the non -homogeneous 
dynamical boundary condition. 
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INTRODUCTION 
 
 
The aim of this paper is to study the asymptotic behavior of the solution of a 

parabolic dynamical boundary-value problem in a periodically perforated domain. Such 
problems, although not too widely considered in the literature, are very natural in many 
mathematical models as partially saturated flows in porous media, heat transfer in a 
solid in contact with a moving fluid, diffusion phenomena in porous media (see [1], [2] 
and the references therein). 

Let Ω be an open bounded set in RN and let us perforate it by holes. As a result, 
we obtain an open set εΩ which will be referred to as being the perforated domain ; å 
represents a small parameter related to the characteristic size of the perforations. We 
shall deal with the case in which the perforations (holes) are identical and periodically 
distributed and their size is of the order of ε. In the perforated domain we consider a 
heat equation, with a Dirichlet condition on the exterior boundary and a dynamical 
boundary condition on the surface of the holes. 

Our main motivation is to study the asymptotic behavior, as ε→0,  of the 
solution uε of the following dynamical boundary-value problem: 
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),0( T is the time interval of interest and εF∂  is the boundary of the holes. 

As we shall see in Section 4, there exists an extension εu~  of εu  into all 
),0( T×Ω  such that uu →ε~ strongly in ))(,,0( 22 ΩLTL  and u  is the unique 

solution of the following system (the macromodel): 
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Here, F  is the elementary hole, Y is the elementary cell of periodicity and  
YY =∗ \ F  (see Section 2). Thus, in the limit, when 0→ε , we get a classical 

constant coefficient heat equation, with a Dirichlet boundary condition, with a non-
homogeneous right-hand term and with a constant (due to the periodicity) extra-term 
in front of the time derivative, coming from the well-balanced contribution of the 
dynamical part of our boundary condition on the surface of the holes. Also, let us note 
that the external force g acting on the boundary of the holes leads in the limit to a 
force distributed all over the domain Ù. 

The plan of the paper is the following one: in the second section we intro  duce 
some useful notations and assumptions. In Section 3 we give the main convergence 
result of this paper, i.e. the macromodel. For obtaining this macromodel, we need 
some preliminary results, which are given in Section 4. The last section is devoted to 
the proof of some a priori estimates, independent of å, for the solution of the 
micromodel and to the proof of the convergence result. 

Problems closed to this one have been considered by many authors. Among 
others, let us mention the papers of D. Cioranescu and P. Donato [4], [5], C. Conca 
and P. Donato [9]. The homogenization of Laplace and Poisson equations in 
perforated domains with holes of the same size as the period and with homogeneous 
Dirichlet conditions on the surface of the holes and on the exterior boundary of the 
domain was treated in [7]. The same problem, but with homogeneous Neumann 
boundary conditions on the holes, was treated in [5]. For the non-homogeneous case, 
we can refer to [4]. The homogenization of the Poisson equation (or even a more 
general elliptic equation) with non-homogeneous Fourier boundary conditions on 
surface of the holes has been treated in [5]. 

 
 

NOTATION AND ASSUMPTIONS 
 
 

Let Ù be a bounded connected open set in RN, with boundary ∂Ù of class 2C  
and let ][ T,0  be the time interval of interest.  

Let [,0[...[,0{[,0[ 21 NlllY ×××=  be the representative cell in RN  and F  an 

open subset of Y  with boundary F∂  of class 2C , such that .YF ⊂  We shall denote 
by kF ,ε the translated image of Fε  by  klå , ∈k ZN. Also, we shall denote by 

εF the set of all the holes contained in Ω and by Ω=Ω ε \ εF . Hence, Ωε  is a 
periodically perforated domain with holes of the same size as the period. Let us 
remark that the holes do not intersect the boundary ∂Ω.  

We shall also use the following notations: 

.,\
Y

Y
FYY

∗

∗ == θ  

Also, we shall denote by εχ  the characteristic function of the domain Ωε. 
Let us introduce the following usual function spaces and norms: 
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THE CONVERGENCE RESULT 

 
 

For ),(),()),(;,0()),(;,0( 20201
0

222 εFLvLuHTLgLTLf ∂∈Ω∈Ω∈Ω∈  

there exists a unique solution εu of the problem (1)-(5) (see, for instance, [3] and 
[11]-[12]). 

The main result of this paper is the following one: 
Theorem 3.1. Let εu be the unique solution of the problem (1)-(5). Then, there exists 
an extension  εu~ of εu into all ),0( T×Ω  such that εu~ u→  strongly in H  and u is 
the unique solution of the following system (the macromodel): 
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in terms of the functions jη  , solutions of the system 
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(18) 

Thus, in the limit, when 0→ε , we get a classical constant coefficient heat 
equation, with a Dirichlet boundary condition, with a non-homogeneous right-hand 
term and with a constant (due to the periodicity) extra-term in front of the time 
derivative, coming from the well-balanced contribution of the dynamical part of our 
boundary condition on the surface of the holes 

Let us note that, using a standard regularization procedure, we are allowed to 
suppose that we have a better regularity of the data. Hence, we can get a more 
regular solution ([3], [13]). More precisely, we can suppose that  
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For such regular solutions, the weak formulation of the system  

(1)-(5) is the following one:  
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 for any ).),0((0 Ω×=∈ ∞ TCDϕ  
 

 
PRELIMINARY RESULTS 

 
 

For obtaining the macromodel, we have to pass to the limit, with 0→ε , in 
some surface integrals on the boundary of the holes. For doing this, we shall make use 
of a convegence result based on a technique introduced by M. Vanninathan [13], 
which transforms surface integrals into volume integrals. This method was also used 
for the elliptic case in [4] and [6]. For a given function )(2 FLh ∂∈ , following [4], let 

us denote  
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For ),(2 FLh ∂∈  we define the measure ηµ h  by 
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In [4] it was proved that ),(instrongly 1 Ω→ −Hhh µµ ε  with hµ  given by 
(24). Moreover, if h  is constant and the boundary of F  is smooth, the above 
convergence takes place strongly in ).(,1 Ω∞−W  In the general case, when 

),(2 FLh ∂∈  it was proved in [6] that if  wå is a sequence from )(1
0 ΩH  which 

converges weakly in )(1
0 ΩH  to w , then the corresponding linear form εµ h  defined 

by (25) on )(1 εΩH  satisfies: 
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On the other hand, since the solution of the problem (1)-(5) is defined only in εΩ , we 
need to extend it to the whole Ω . For finding a suitable extension εu~  into all Ω , we 
shall use the following wel-known extension lemma (see, for instance, [7]): 
Lemma 4.1. (i) Any function )(1 ∗∈ YHϕ  can be extended to a function 

)(~ 1 YH∈ϕ  such that 

.~
∗∇≤∇

YY
C ϕϕ  

(ii) Any function )(1 ∗Ω∈ Hεϕ  can be extended to a function )(~ 1
0 Ω∈ Hεϕ  such 

that 
,~

∗ΩΩ
∇≤∇ εε ϕϕ C  

where C  is a constant independent of ε . 
 
 

PROOF OF THE CONVERGENCE RESULT 

 
 

In this section we shall prove the convergence result given by Theorem 3.1. for 
the solution of the problem (1)-(5). This solution being defined only on εΩ , we need 
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to extend it to th ewhole of Ω  in order to be able to state a convergence result. For 
doing this, we shall need some accurate estimates for the solution εu , independent of 

.ε  
Proof of Theorem 3.1.  It is enough to prove the convergence result given by 

Theorem 3.1. for regular data and so, for regular solutions .εu  Then, by performing a 
classical regularization process of our data, we are able to prove immediately the 
convergence result for the general case. Hence, let 

εΩ∂
=Ω∩Ω∈ 001

0
20 ),()( uvHHu .  

Also, let ))(],,0([ 21 Ω∈ LTCf  and ))(],,0([ 1
0

1 Ω∈ HTCg . For such regular 
data we know that there exists a unique  solution of the problem (1)-(5) such that  

)),(];,0([)())(];,0([ 2112 εεεε Ω∩Ω∩Ω∈ Ω∂ LTCHHTCu  

)).();,0(( 1 εε Ω∈ Ω∂HTCut  
For the special geometry of our problem, we can use the following well-known lemma, 
due to C. Conca ([8]): 
Lemma 5.1.  There exists a positive constant C , independent of ,ε  such that 
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The next proposition gives us some classical energy estimates for such a regular 

solution. 
Proposition 5.2.  For the system (1)-(5), the following classical parabolic 

estimates hold: 
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Proof.  The proof follows the standard steps for getting classical parabolic 
estimates (see, for instance, [12]) and, henceforth, can be omitted. In fact, using 
Lemma 4.1. and classical parabolic estimates, for such a regular solution one gets 

Theorem 5.3.   There exists an extension εu~  of the solution εu of problem 
(1)-(5) into Ω  such that 
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for any .Tt ≤  Here, C  depends on the data and on T . 
Proof.  The proof follows immediately from the extension lemma and classical 

parabolic estimates. 
Let us introduce now the vector .~εεε χξ u∇=  Recall that θ  is the weak-* 

limit in )(Ω∞L  of .εχ  
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Lemma 5.4.  There exist two functions, Vu ∈  ( u  will be the unique solution 
of the limit system (12)-(15)) and H∈ξ  such that, at least after the extraction of a 
subsequence, we have the following convergences: 
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Proof of Lemma 5.4.  The convergences (28) and (29) are direct consequences 
of the estimates given by Proposition 5.2. and Theorem 5.3.. The next one, (30), 
follows immediately from the fact that uu →ε~ strongly in H  and θχ ε →∗  

weakly-* in ).(Ω∞L  Also, (31) follows from our a priori estimates. Indeed, we have 

C
T

≤
Ω ,

εξ  and, hence, up to a sequence, there exists H∈ξ  such that 

ξξ ε →w  weakly in .H  It remains to prove (32). Let us consider a test function 

.D∈ϕ  It is easy to see that choosing 1=h  and taking tuw ϕεε ~= , from (23) we 
get 
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which, integrating in time and using Lebesgue’s convergence theorem, gives exactly 
(32). This ends the proof of our lemma. 
 
Now, let us come back to the proof of Theorem 3.1.. It remains only to obtain the limit 
equation  (12) satisfied by u  and ξ . Let .D∈ϕ  We have: 
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So, all the terms in (19) pass to the limit, as 0→ε  and, therefore, we get 
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But exactly like in the elliptical case (see [4]), we have 
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Finally, putting together (33)-(39) and having in mind that the solution of the 
macromodel is unique, the entire sequence of solutions of the microscopic model 
converges as necessary. So, we get (12). Since (13) and (14) are obviously satisfied, 
the proof of Theorem 3.1. for regular solutions is complete. As already mentioned, the 
proof in the general case comes easy, since it is enough, by density arguments, to 
perform a classical regularization of our data. This ends the proof of the theorem. 
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