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Abdract: The goal of this paper is to present the Kaluza-Klein theory. In the first part we will discuss the
theory elaborated by Kaluza and Klein, in a Riemannian space with five dimensions, which unifies the gravitation with
el ectromagnetism. The second part debates the generalization of this theory in a space with 4+n dimensions. Thisis a
mathematical product between the Riemannian 4dimension variety and the G/H n-dimensional homogenous space. In
the last part we will propose atheory Kaluza-Klein likein the fiber bundle space with 4+n dimensions.

Every part is structured as follows. we will identify the metric tensor GO O for the gravitation and the potentials
Y ang-Mills; then we will deduct the equations of geodesics and the equations of the field.

1. The Kaluza-Klein theory

In the year 1916, Albert Einstein published “the generalized theory of gravity”. In thistheory is considered that,
in the presence of the gravitational field, the 4-dimensional space is a pseudo Riemannian manifold M*. In this space, a
coordinate transformation has the form

X' =x"3(x) (11
where X = (X', x%,x*,x*) anda =1,234
From (1.1) results

ix?

Xl’

dx'® = dx' = gdx’ 12)

Becausealiél is depending on x, this will be local coordinate transform. The line element for the 4-dimensional manifold
M*is

ds? = G, dx* dx” (13)
where G, isthe metric tensor. In a pseudo Riemannian space the common derivative ¥, isreplaced with the covariant

derivative

D, =1. xG (L4)
where the matrix elements G = (Cfn) are connection coefficients. We can affirm that the presence of a gravitational
field imposes the replacement of common derivative Y|, with the covariant derivative D, . In alocal coordinate

transformation, G, is transformed

G =a)(aGa’- (T,a)a") (L5)
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where a2 = (8, ).From D, G,, = O results

1
C-:ll) =G* E(ﬂn Geb + 1-[b(';en - 1-[e(Sbn ) (1.6)

The motion equations on M* are the geodesics' s equations.
U +G u’u" =0 (L7)
The curvature tensor components are
Re =T Ge - 1.6, + GGy - GG, (19
From (1.8) we obtain the Ricci’ s tensor components
Re =ThGe - 1.G, + GGy - GGy, (19
and the scalar curvature R=G*R, (110)

The equations of the gravitational field are Einstein’ s equations:

1
R, - EGab R= %Tab =J., (112)

Here G isthe gravitational constant and T, istheimpulse-energy tensor for matter. These equations can be obtained

from avariation principle by choosing S = ¢* (16pG)'1 W(R +L, )d *X.ThetermJ,, isobtainedfrom L,

whichisthelagrangian “density” for matter.

In the year 1921, Kaluza suggested that the gravity and the electromagnetism can be unified in a pseudo
Riemannian Sdimensional space. Because the 5" dimension is not observable, Klein suggested that this is a circle S
with a small enough radius so it can’t be experimentally detected. So, the 5 dimensional manifold is M* x S. In the
Kaluza-K lein theory is postulated that the line element for the M* x S' spaceis

dS? = G, dx dx” - (dly + kA, (x)ax* ) (112)
where X° =y isthe 5" coordinate. The K constant isintroduced in order that KA, (X) to be dimensionless. Also Y
has |ength dimension.
The coordinate (symmetry) transformations that |eave the line element dS? invariant are
X4 =x'4(x) 113)
y =y+i (¥ (114)
where X = (X', x?,x%,x*) and & =1,2,3,4. Under these transformations the M* line element ds® = G,,dx* X" is

invariant and A, (X) it transforms

(X) =, ¢A(X) - ———=~ (L15)
A g&A k X' g
For apseudo Riemannian 5-dimensional manifold theline element is

ds® = g dx%dx” a,b=12345 (116)

and isinvariant under the coordinate (symmetry) transformations
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X =x2(x), x =(x,x%x3,x*,x°) (117
In the basis {dX® ,dy} for one-formsand in the dual basis\:’ l,lu in tangent space, the line element (1.12) is:
LS ‘Hyf;
ds? = (G,, - k*A A, )dx*dx” - 2kA dx* dy- g.,dydy (118)
In thisbasis, the metric tensor components are:
O =Gup - K'AA 055 =1, 0,5 = G5, =-kA (119

The line element dS* given by (1.18) is invariant under transformations (1.13) and (1.14) which are obtained by the
symmetry “breaking” (1.17). In this case, the g,5 components of the metric tensor act as a vectorial gauge field, A

which is considered to be the electromagnetic field potentials.

Observation: Let Y (X) be ascalar field, which transforms

Y'(X)=a(X)Y(x),a(x)=¢ ¥ (1.20)
Wehave: D, Y'(X) =T, Y'(X) +kA (XY '(X) =a(X)(1, Y (X) +kA Y (x)) =a(x)D, Y (X) (1.22)
which meansthat D, =1, +kA (122

actslike a covariant derivative under the transformations (1.20).
If for one-forms we choose the basis

dX? =dx*, dX® = dy+ kA dx (1.23)

then the dual basisin tangent spaceis:

1 | 1
= KA —,e =— (1.24)
% A Ty % Ty
We have:
[e,,e,] =C;.e., a,bc=12345 (1.25)
[ea,eb1:-kab%,[ea,es]:o,[es,eslzo 129
1
Ge = E(ed (Gbc) T € (de ) -6 (Gdc) +Cep +Cocy + dec) (1.27)
£ab O O
= g T (129
0 - Oss g
Inthisbasisthelineelementis:
ds? =G,, d¥* dx” - g, dX°dX® (1.29)

Calculating the connection coefficients we get:
a ae 5 1 a 1 a 5
Gon_G Gebn ’Gon _Ekan 'GDS_Eka ’GDS_O (1.30)

The geodesics's equations au
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u* +Guu® =0 ab=12345

15 5 a b (1.31)
U +Guu’=0 a=1234
By replacing (1.30) in (1.31) we get
Uus=0 (1.32)
G,u° +G, u’u" =g, U°kF, u" (1.39)
By choosing s =1, U° =1and k = > weget
m,c
@+ uru = Foy 134
G, e (134)
G G G, 0
where G, =G™G,.. G _1d5s (TG, 16, for the gravitationd field (1.35)

T2 W I o
and F° =G™F, , F, S0a Y o Y the electromagnetic field (1.36)
©
(1.34) is the motion equation for a particle with the mass at rest g and the charge q in the gravitation and

electromagnetic field.
The field equations are Einstein equationsin the space M*x S

Ry - %GabR =J,,ab=12345 (137)
After calculating we get:
ng - %Gab R* - SfTab = Jab (1.39)

where 4 is an index that shows that be isthe Ricci’stensor on M* , R* isthe curvature scalar on M “and

_.€l 1 )
Tab - eOSZGab Fen I:ne - E(Fbe Fae + Fae Fbe)léll (L39)
is the energy-impulse tensor for the electromagnetic field. In the chosen basis G, ; =0 and therefore R, = J, ; from
which results
T.F +GFS - GRS =2k, =], (1.40)
Using the covariant derivative D, =], + G equation (1.40) becomes
D,F =J, (141)
Also, is satisfied the identity
D,F, +D,F, +D,F, =0 (142)

The equations (1.37) are the equations of the gravitational field for a pseudo Riemannian five dimensional manifold. By
symmetry breaking, the equation (1.37) becomes (1.38) and (1.41) which are equations for the gravitational field and for
electromagnetic field on the M* manifold.
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The field equations can be obtained from a variation principle by taken the action to be the gravitational action
in the five dimensional spaces:

16pGL0F(R+L )d°x (143)
, -lng O G(R+L,,)d*x (L44)
where - G = [~ det(G,,) , R=R'- %kze cu F?=F'Feand K2 :16;&;6.

2. The Kaluza-Klein theory in a M*x S" space

On the space S’ transitively actsagroup Lie G. This means that for two arbitrary points from S' we have

y=f(gy yyl s (21)
for g1 G.Lety,1 S, andHthesetof all G dements that let Y, fix
H={hl G|y, = f(hy,)} (22)
H is anisotropy subgroup of G. For every g1 G we can define an equivalence class
la]={gT Glg'=gh," hi H} 23)

The manifold of all distinct equivalence classes is noted G/H. Let yOT S" fixed. Any point yT S" can be obtained:
y=1(g,y,),91 G.But f(gh,y,) ="f(g,f(hy,))="7(g,y,) for any hT H. Results that there is a

biunique correspondence between the equivalence classes [g] and the points yT S". Wewill identify the space S' with

the coset space G/H so
dmG/H =dmG-dmH (2.4)
For a Kduza-Klein theory of supergravity the number of supplementary dimensions must be maximum seven,
therefore for the space S'wehaven£ 7.1 G=SU(3)” SU(2)" U(D then H =U (2)" U (1) and dim G/H=7.

We choose the coordinate transformations on M4 x S'
X2 =x*(x),a=1234, x=(x,x*,x,x) (25)
y =y 0mX),y), k=12...,n, y= (¥, y*...,y" (26)
w(x) are the parameters of the G group which acts on S'. The symmetry is broken because the transformations (2.5) and
(2.6) aren'tlike
X*=x%(x),a=12,...,4+n 27
X = (X3 xExLx), Xty xR x T =y
Theline element Kaluza-Klein, generalized for a space with cu 4+n dimensions, is
ds’ =G, d¥ dx” - g, dX"dXx" 28)
where we chose the basis one-forms

dX® =dx*, dX' =dy" + kN;dx" (2.9)
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k is aconstant introduced in order that KN, be dimensionless.

The basis vectors from the tangent space are

1 )l 1

e = e - kN; g e = W =1, (2.10)

G,, isdepending onx, g« is depending on'y, and NaS isdepending on x and y.

Let d¥ be invariant under transformations (2.5) and (2.6). It is seen that ds® = G,,dx* dx® isinvariant under

these transformations. Because

9w (Y) = .1"1;; ﬂy.k () = a7 (Y)ag (¥)9,.(Y) (211)
results dX " = 2; dX® =a; (y)dX® therefore dy" +kNa',r (X', y)dx® = a (y)(dy® + kN (x, y)dx*).
From here results
's n x ST 1 Y' O
=a N —_— 2.12
a “a aT n k )(| B ( )
L et the coordinate transformations
X2 = (2.13)
y =y W), y) (2.14)
For W(X) infinitesimal the transformation (2.14) can be written
o _ e Y
y =y + W oz (2.15)
Noting y | =K, () =K, wehave
TW w=0 No
y' =y + K dw® (2.16)
The operators X, = K, (Y)1, (217

are called the generators of the transformations group G which actson S”, transformations given by (2.14). It can be
showed that

X X | = Gl X, (218)
where Cr:‘(’)mo are the structure constants of the group. From (2.18) results
r S r s _ i s
Ko T, Ke - KL KD =C¢, K (2.19)
If the transformation (2.14) is an isommetry Ki! will be solutions of the Killing’ s equations

KoT9u + 9. Ki +9,.K =0 (2.20)

Kiz are caled Killing’ s vectors. In particular, the equations (2.20) are satisfied if we choose
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9"(y) =K. (VK (y)L? (221)
Here L isaconstant with length dimension introduced in order that g™ be dimensionless. We choose
Na (%, y) = A (0K, ()L (222)
in atransformation (2.16) the fields A™ (X) transforms
A=A +CE2 A dW® - Lk ™, (o) 223

Thisisaninfinitesimal gauge transformation for the gauge fields A?O ().

The connection coefficients are obtained from

1
G = E(ed (Gbc) t& (de ) - & (Gdc) +Cyop TChg + dec) (224)
where:
G= g 2 (2.25)
grk Q
[e,.e]=cte. abc=12...4mn (2.26)
I.% ’ebJ =- kFaTJ0 Kr:oﬂr = C;b 1Tr ’ [ea ’es] = kpénoﬂsKnroﬂr = C;sﬂr =- C;a 1Tr ! [er ’es] = O (2'27)
R =G"Fy , Fr =T,A" - 1,A" +kL'A°A"C, (228
After calculating results:
a ae a S I rs, 1 - No r
Gbr :C?ab =G G!abr _-_kL F rbK gsr , (%b =g Gsab :-EkLlFab Kno
G’jn = Gae(%bn J Gsra = gmchsa = kL-lA:OﬂsKr:o’ (Es = ngQas =0 (2'29)

1
Gsrk:gmz(ﬂkgns-'-ﬂsgnk-ﬂngsk) ! C?as:O

The geodesics' s equations are

0> +Gu'w +GUU+2GU U =0 (2:30)

UK+G uu® +GU W +GUU +GU'U° =0 (2:31)
Using (2.29) in (2.30) and (2.31) this becomes

UX+GUU° +kL*APTK U =0 2:32)

U’ +Gutu" =kL'R K, PU" (239)

Observation: the operator Y[, correspondsto the medium value L™P;. Results that the factor Knr0 PL ! isthe medium
value of the operator K;Oﬂ, = X,, - Assuming that (X, isthe“field'scharge’ operator, then its medium value
qK;ORL'lis noted Q, . Because P - Gy PU" - G5 P,u® =0, the condition Q,, = O implies

Ko +G KU +G, K u® =0.Withthis(2.33) becomes
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Q
ub +C%bnuaun - o F bng n (234)
m, c?
Observation: We define the Yang-Millsfield
Y, (6 y) = AX,, (239
If X:L » arethe elements of the generators representation matrix X, then Yo (%Y) = A ( X)er; b (Y) . Let
Y °(X, y) the components of avectoria field in the representation space. They transform:
o
Ve, y9=as(x, Y)Y (xy), a=(as), a=e"* (2360
Thefield transformation Y, isobtained from (2.23)
R -1 -1 -1
Y, =aY,a - Lk (T,a@a (2.37)
The covariant derivative in the representation spaceis
D ,=9,gY, andD, Y* =7 Y*+gYiY" (2.39)

Where g = kL * = 2pg(hc) * so gY, hasadimension of (length)™” .

The curvature tensor components for M* x S' are

Rw =1.G,- 1,.G, + GfdQ% - Cfdclda + Cga 4 ab=12..4+n (239

From (2.39) we obtain the components of the Ricci’stensor R, = RZ, which gives R,, and R . The curvature
1
sdaris R=G*R,, - g“R.=R*+R;,,, - ZkZF ? HereR'isthe scalar curvature of M*, R;,,,, the scalar

curvaturefor G/H and F? = o Kriw Krfqo FeR™.

The field equations of M* can be obtained from a variation principle. We choose the action on M SIS

S Gd*x R+L_)d"x 2.40
4o 16va o/ o/ g(R+L,) (240)

where V" = 3/~ 9d"x, - G = [ delG,,). - g =4/~ det(g,)

After that, we integrate on S' and results:

3 1 eo
S, = «/- G(R*+L +L_Jd*x- == &/- GF™F"d*x 241
* " 16pG O [ y "4 MO/_ e (240
where G/ERG/Hd”x =V "L . Thefield equations obtained from S, are:
Srl
R:‘b - %Gab (R4 + l—)' 8ciﬁ_4Tab = Ja (242)
T[n Fan " + (3;1 Fae o - QH Fenno = Jarb (2'43)
where T, = e0846ab Fl R0 - ;(F"“OF o+ F™F "O)H is the energy-impulse tensor for thefield F,'™ .
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3. The Kaluza-Klein theory in a fibre bundle space
We will consider a fibre bundle space for which the basis space is the differential variety M * andthe typical
fiore F"is the set of al vectorial fields Y (X) :{Y k(X)} k=1,2,...,n. In every point X = (Xl,XZ,X3,X4) of the
manifold M * we have afibre F", which is a vectorial space. A vector in this spaceis Y (X) = {Y k (X)} for x fixed.
Onthetypical fibre F" acts a transformation group G:
Y (x)=a"(x)Y"(¥) (31
Noting Ethe total space, the coordinateson E are Xl, X2,X3,X4, yl, y2,. vy yn . A coordinate transformation on Eis
X% =x% (X) (32
y“=a*(xy’ (33)
If  isabasefor F", then avectorfrom F" iswritten:
Y(X)=e Y (X (34)
The coordinates yk are defined for each fibre FX" . The variation of yk in the fibre F" is dyk . When we

X

pass from afibre F." to another fibre F, thevariation of y* is KNXdX* where dx* = x®- x* and KN are the
connection coefficients which are depending onxand y. Thetotal variation of yk is
Dy* =dy* + kNX (x, y)dx® (35)
The “position” vector in F " can be written y = € y* and the variation of this vector is Dy = g Dy* .

The corresponding variation on M “ will be dx = eaan . Aninfinitesimal movement onEis
dX =dx+ Dy =¢e, dx* +e Dy" (36)
The line element on Ewill be
ds’ =G, d¥dx” - g, Dy'Dy" 37)
where 9(&,,6,) =G, , 9(&,,6) =G, =0 and 9(€,8) =- .
Under the transformations (3.2) and (3.3), the line element of M*, ds’ = G,,ax’ dx” isinvariant. Results
9,.Dy’ Dyk must be invariant  under  these transformations. The invariance  condition

g,.Dy"'Dy* = g, Dy Dy*and the transformation conditions g, =a’a}d,, give a:Dy¢ =Dy® from which
results

x| fa; .0
kNG =a) Ga kN, - —=y°z (38)
™~ 5
Let the infinitesimal transformations

X% =x (39)
y* = (0 W (x)y' (3.10)
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If W = gp W" (X) then
y =y oL w9y (311)
From (3.11) we seethat the Killing’ s vectors are Knr0 (y)= q'srrb yS and the (3.3) transformations generators are
X,, =KL1, =a, y°1, . Wechoose kN (x, ) =KL AP ()KL, (y) =KL A (Xd,.Y"
Observation: & The Yang-Mills is Y, = A® Xoo = LN 9, = Ag“qr:osysﬂr. Therefore exists a linear
connection K (X) = gA" (X)Q,, - From (3.8) with the notations K, = (K_,) and a = (a; ) resuits
K, =d (aK,a*- (T,a)a?) (312)
The covariant derivativeis D, =, £ K, and D, Y "(X) =1, Y " (X) + K (X)Y °(X) .If for the generators
y*fl, we choosethe representation (y°T,)! =d°d/ then gY,} =K/ (x).
b) If the field Y *(X) is a self-interacting field, then from the Higgs mechanism can be obtained at
rest masses for the field quanta A" .
Forwards the theory develops like in the second part but Y'are coordinates in “states space’ ") and
O = drk . From a physical point of view, the states space it isn't a space like x* =ct itisn't a space. We will

consider that Y" =1 Yy, where | hasalength dimension and Yj isdimensionless.

The connection coefficients will be

a 1

Gnn :GaeGebn ’Gsra = Ke;s ’ Gﬁr = C;:) =- EkL_lFt?nOKr?Ogsr (3'13)
After calculating, the geodesi cs equations become
+b b a,n — Qno bNo n
u’ +G,u'u —WFH u (314)
0
U'+K/UW =0 (3.15)

1
Using (3.13) the curvature scalar is R= R* - Zkz L 2F 2. The field equations on M* have the same form

asin (2.42) and (2.43) but L iszero.
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