Romanian Reportsin Physics, Volume 56, No. 4, P. 613622, 2004

ON THE HOMOGENIZATION OF A TRANSMISSION
PROBLEM ARISING IN CHEMISTRY

C.CONCA!, J.1.DIAZ? C.TIMOFTE®

!Departamento de Ingenieria Matemética, Facultad de Ciencias Fisicas y Mateméticas,
Universidad de Chile, Casilla 170/3, Santiago, Chile

E-mail: cconca@dim.uchil e.cl

2Departamento de Matemética Aplicada, Facultad de Mateméticas, Universidad Complutense,
28040 Madrid, Spain

E-mail: | diaz@ucm.es

3Department of Mathematics, Faculty of Physics, University of Bucharest, P.O. Box MG-11,
Bucharest — Magurele, Romania
E-mail: claudiatimofte@hotmail.com
(Received July 22, 2004)

Abstract. The aim of this paper is to study the asymptotic behavior of the solution d a transmission
problem in some chemical reactive flows through periodicaly perforated damains. The domain is
considered to be a fixed bounded open subset QOR", in which identical and periodicaly distributed
perforations (hdles) of size € are made. The asymptotic behavior of the solution d such a problem is
governed by a new elliptic boundary-value problem with an extra zero-order term that captures the
effect of the chemicd reactions associated to the homogenized medium.
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1. INTRODUCTION

The aim of this paper is to study the asymptotic behavior of the solution of a
transmisson poblem in some demical reactive flows through periodically
perforated domains.

Let Q be an open bourded set in R"and let us perforate it by holes. As a
result, we obtain an open set Q° , which will be referred to as being the perforated
domain; € represents a small parameter related to the characteristic size of the
perforations. We shall deal with the cae in which the perforations (holes) are
identicd and periodicdly distributed and their size is of the order of €. We shall
consider that a granular materia fills the holes and we shall be interested in
studying the stationary reactive flow of a fluid confined in Q°, of concentration

u®, assiming that the reactive fluid is allowed to penetrate inside the grains, where
chemical readions take place (for the case in which the chemicd reactions take
placeon the walls of the porous medium, see[4]-[6]). If we denote the concentration

insde the grainsby V¥, asimplified setting of thiskind of modelsis as follows:
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- D,Auf = f(u®) inQ°f,

Ei—DpAvf +ag(v®)=0 inMn*

D—DfE:Dpavg on S, D)
0 ov ov

Sufzve ons*,

Hu® =0 onodQ,

where v is the exterior unit normal to Qf, a>0, M°¢ :Q\§,Sgis the
boundary of the holes and 0Q is the external boundry of Q. D; and D, are

constant diffusion coefficients, charaderizing the reective fluid and, respectively,
the granular material filling the holes.
We shall consider that the function f in (1) is a cntinuously differentiable

function, monaonously non-decreasing and such that f (0) =0.

The function in g is supposed to be given. We shal asume that g is
continuaus, monotone increasing and such that g(0) =0. This general situation is
well illustrated by the foll owing two important practicad examples:

a) of )—m a,B>0 (Langmuir kinetics)
b gv)=M" 'v, 0<p<l (Freundlich kinetics)

The existence and uniqueness of a weak solution d (1) can be settled by

using the dasscal theory of semilinea monotone problems (see [1] and [7]).
If wedefine 8° asbeing:
E (x) xOQFf,

o° =
O () xdOne, 2

and we introduce
_[D¢ld in Y\T,
“ED,d inT,
then aur main result of convergence for this model shows that 6° converges
weakly in H(Q) to the unique solution of the following homogenized problem:

Hi i axa |Y\T| gw="tw in Q

E u=0 on 9Q.

Here, A° = ((a})) isthe homogenized matrix, whose entries are defined as
follows:

©)
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ii |Y| I (au (y) a'|k (y) ] )dy (4)

interms of the functions x ; , solutions of the so-called cell problems
—div, (A(Y)(D(x; +y;))=0, inY, -
X; isY —periodic

The approach we used is the so-called energy method introduced by L. Tartar
[9] for studying hanogenization problems. It consists of constructing suitable test
functions that are used in our variational problems. Also, let us mention that
ancther possble way to get the limit problem (3) could be to use the two-scale
convergence technique, couded with periodic moduation (see [5] and the
references therein).

The structure of our paper is as follows: first, let us mention that we shall just
focus on the aase n= 3, which will be treated explicitly. The case n =2 is much
simpler and we shall omit to tred it here. In Chapter 2 we introduce some useful
naotations and assumptions and we give the main result. In Chapter 3 we give the
proof of the main convergence result of this paper.

Finaly, notice that throughot the paper, by C we shall dencte a generic
fixed strictly positive constant, whase value can change from line to line.

2. PRELIMINARIESAND THE MAIN RESULT
2.1. Notation and assumptions
Let Q be a bounded connected open set in R", with bourdary 0Q of class

C?%. Let Y =[0,1,[0,1,[x...x[0]] [ be the representative &l in R" and T an

open subset of Y with baundary 0T of class C?, such that TOY. We shal
refer to T as being the dementary hole. We shall denate by T #*the translated
imageof €T by ¢kl, kOZ". Also, we shall denote by T * the set of all the holes

contained in Q and by QFf =Q\'F. Hence Q° is a periodicdly perforated
domain with holes of the same size as the period. Let us remark that the holes do
not intersect the boundary 0Q.

We shall also use the following notations:
_ \&
YP=Y\T, S*=0T%, 6="—.
vl

Also, we shall denote by x ¢ the characteristic function d the domain Q°.

2.2. Setting d the problem
As already mentioned, we are interested in studying the behavior of the
solution, in such a perforated domain, of the following problem:
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El— D,Auf = f(u®) inQ°f,

O-D,Av* +ag(v')=0 inN*
ou® ové

0-D, ——=D,

0 ov ov

Suf =v¢ onS’,

Hu® =0 onadQ.

Here, v is the exterior unit normal to Q°, a>0, M° :Q\§,Sgis the
boundary of the holes and 0Q is the externa boundary of Q. D;and D, are

constant diffusion coefficients, , characterizing the reactive fluid and, respectively,
the granular material filling the holes.
We shall consider that the function f in (6) is a continuously differentiable

function, monotonously non-decreasing and such that f(0) =0. We shall also
suppose that there eist a positive mnstant C and an exponent (, with
0<qg<n/(n-2), suchthat

of
ou
The function g in (6) is assumed to be given. We shall asaume that g is

continuous, monaone increasing and such that g(0) = 0. This general situationis

well ill ustrated by the above mentioned important practicd examples (Langmuir
and Freundlich kinetics). Moreover, we shall suppose that there exist a positive
constant C and an exporent (, with 0<q<n/(n—2), such that

(6)
on S,

< C(1+|u|q). 7)

lgv)| < ca+MT*h. @

Let usintroducethe functional space
ve ={vOH(Q®)|v=00ndQ },

with

Mye =[928,

Also, let us consider the space

H ¢ :{W‘E =(u,ve)|uf OVE, v OHY(M¢),uf =vF onS*® },

with the norm

2

£ £ £
e =[P 2aey * [P li2ney
H HE LZ(QS) L2(|'|5)

The variational formulation of problem (6) isthe following one:
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Findw® OH ® suchthat (9)
DJ’ Ou® El]]¢dx+DJ' Ov® MDydx +

o af,, g k= [ s f(u)gdx O(@.9)TH .

Under the @ove structural hypotheses and the anditions fulfilled by H €, it
is well-known by classcd existence and uniqueness results (see [1] and [7]) that
(9) isawell-posed problem.

Let usintroduce again

Dfld in Y\T,

“H Dpld in T.

OO

In order to describe the asymptotic behavior of the solution o problem (9),
let us recdl the following well-known extension results (see[2]-[3]):
Lemma 21. Thee exists a linead continuaus extension operator

PE DL(L2(Q%); L2(Q) NL(VE; HS(Q) and a postive constant C,
independent of €, such that

p€

<

o,

2(q) (Qf)

and

opPé < qo
a I 2, e

12(Q)

forany vOVE.
An immediate consequence of the previous lemmais the following

Poincaré sinequality in V& :
Lemma 2.2. There exists a positive constant C , independent of €, such that

M < clpv

L2(Qf) L2(Qf)’
for any v O V& . Apart from these results, let us recdl the foll owing one (see [8]):
Lemma 2.3. Thereexistsa positive constant C , independent of €, such that

-1
M5 g, = €M g + I )

forany vOVE¢. Also,

M2, o s i, o+ el

né) ~ (Sf) Lz(n'f)

for every v O H(M¢),
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2.3. The main result
The main result of this paper isthe following ore:

Theorem 2.4. Let u® be the unique solution of the problem (6). Then, there exists

an extenson Pfu® of ufinto all Q, postive inside the holes, such that

PEuf - u wealy in H}(Q) and uisthe unique solution d:

a s af o%u I g) = f(u) in Q
Oijz1 " axiax] ‘YD‘ ' (10)
g"
|
E u=0 on 0Q.
Here, A° =((a})) isthe homogenized matrix, whose entries are defined as
follows:
(a; (y) + a() l)d o
ij |Y|I i Y ik LY. y
interms of the functions X ;, solutions of the so-called cell problems
—div, (A(Y)(D(x; +y;) =0, inY,
12

X; isY — periodic

The constant matrix A is symmetric and pasiti ve-definite.

3. PROOF OF THE MAIN RESULT

In order to describe the dfedive behavior of ué and v¢, we nee to prove
some apriori estimates for them.

Proposition 3.1. Let ué and ¥ be the solutions of the problem (6). There exists a
pasitive constant C , independent of €, such that

HPEUEH L <C,
H3(©@) (13)
7] 2 <€
LA(Q) (14)
DWEH <cC,
H L2(Q€)xL2(N€) (15)
s ]

< Ce.
2me) = (16)
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Proof. Let ustake (u€,v®) asatest function in (9). Using the properties of
f and g, Holder and Poincaré's inequalities, the first three estimates come
immediately. In order to get the fourth one, we shall make use of Lemma 2.3.:

£, _ 52 2 E N _ € 2
‘P ut =Vl o <C(e )+£ HD(P u? —v*) )<
)2

<Ce*(|oPeu
: )2 <Ce?

L2(N¢)

2
u® = v,
L2(s?

+ HDV‘

L2(N¢)
2

IN

L2(Q) L2(N¢)

<Ce?(|Du*

and this concludes the proof.

+ HDVE

L2(Q%)

Corollary 3.2. If u® and v® are the solutions of the problem (6), then, passng to
a subsequence, still denoted by €, there exist u H(l)(Q) and v O L2 (Q) such
that

Péué - u  weakly in Hé(Q),

17
V€ v weaklyin L2(Q),
(18)
v = m u.
vl (19)

Proof. The mnvergence results (17)-(19) are direct consequences of the
estimates (13)-(16).

Finally, let us note that there eists a positive cnstant C , independent of €,
such that

2
9¢| dx<C

o

and

2
;Q‘Def dx < C.

Hence, thereexists 8 [0 H é(Q) such that

6% ~ 6 weaklyin H(Q)

and it isnat difficult to seethat 8 = u. Thisproves, in fad, the following
Corollary 3.3. Let 8¢ be defined by (2). Then, there exists 8 [ H%(Q) such that
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6% - 6 weaklyin HJ(Q),

where 6 isthe unique solution of

7| .
= +a—g@) = (O in Q,
i,j:l 1) axlaxj ‘YD‘ g( ) ( )

6 =0 on 0Q.

and A0 isgiven by (11)-(12), i.e.6 = u, dueto the well-posednessof problem (9).
Proof of Theorem 2.4. Set

£ = (6£.&5) = (DfOuf, DpOve).
From (15) it foll ows that there exists a positive constant C such that
Jzgey =©
) 2,
£ <C
HEZHLZ(nf)

If we denote by Othe zero extension to the whole of Q of functions defined on Q¢
or MN¢, weseethat g?f and 525 arebounded in (L2(Q))" and, hence, there exist

£1,&5 O(L2(Q)" such that
gig - & weaklyin (L2(@Q)", i=12 20)

Let us now see which isthe equation satisfied by &yand éo. Let ¢ O C8° (Q).
Taking ((jQS ’ﬁl‘lg) asatest functionin (9) we get

o & Mg+ o € Matx+ ae (v )k = fo x _, Fu)e (21

Now, we @n passto thelimit, with ¢ - 0, in all theterms of (21). For the first
two, we have

im fo &€ Mgx = [o & Medx, i =12 (22)
£

In order to passto the limit in the third term, let us notice that, exactly likein [5],
one can easily prove that for any ¢ O CS° (Q) andforany z¥ - z we&lyin

Hé(Q),weget
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@w(zf) - @(2) stronglyin L9(Q), (23)
where
g=— 2"
qn-2) +n’

In particular, we have

@(0°) - @(8) stronglyin L°(Q), (24)

Now, let uswrite aJ'ng g(v* )X as

af , 9(v")gx=af g(6")gux-af  g(6")eix

Obvioudy
im ajo, 6(6°)gux = ajo 9O)gx = ajg g(Uhgrx

O
\
On the other hand, we know that x e W weakly inany LY (Q) with
Q
o = 1. In particular, defining quuch that

i+i:11

q qD
we see that qD > 1 and, consequently,
i .
XQ€ R W weaklyin L9 (Q).
Hence, we obtain:
Jim ajne (v )gu = a% Jo 9(U)gx (25)
It isnat difficult to passto the limit in the right-hand side of (21). We get

YD‘ (26)

JiTOIQ XQe f(ué)gx = WIQ f (u)qix

Putting together (22), (25) and (26), we have
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= = T
[,& Daxr [ &, Eﬂ]«ux+aH [, 9=

M

Jo fWalx, Op O C8° Q.

M
—div(éq + ¢ )+amg(u)=ﬂf(u) in Q
LM vl |

It remains now to identify &1 + &». Introducing the auxiliary periodic problem
(12) and following a standard procedure (see [5]), one easily gets

& +& = A%

Since u H(l)(Q) (i,e. u=0 on 0Q) and u is uniquely determined, the whale

sequence P€ué converges and Theorem 2.4. i's proved.
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