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Abstract. The aim of this paper is to study the asymptotic behavior of the solution of a transmission 
problem in some chemical reactive flows through periodically perforated domains. The domain is 
considered to be a fixed bounded open subset Ω⊂Rn, in which identical and periodically distributed 
perforations (holes) of size ε are made. The asymptotic behavior of the solution of such a problem is 
governed by a new elliptic boundary-value problem with an extra zero-order term that captures the 
effect of the chemical reactions associated to the homogenized medium.   
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1. INTRODUCTION 
 

         The aim of this paper is to study the asymptotic behavior of the solution of a 
transmission problem in some chemical reactive flows through periodically  
perforated domains.  

Let Ω be an open bounded set in Rn and let us perforate it by holes. As a 

result, we obtain an open set εΩ , which wil l be referred to as being the perforated 
domain�� 0� UHSUHVHQWV� D� VPDOO� SDUDPHWHU� UHODWHG� WR� WKH� FKDUDFWHULVWLF� VL]H� RI� WKH�
perforations. We shall deal with the case in which the perforations (holes) are 
identical and periodically distributed and their size is of the order of ε. We shall 
consider that a granular material fills the holes and we shall be interested in 

studying the stationary reactive flow of a fluid confined in εΩ , of concentration 
εu , assuming that the reactive fluid is allowed to penetrate inside the grains, where 

chemical reactions take place (for the case in which the chemical reactions take 
place on the walls of the porous medium, see [4]-[6]). If we denote the concentration 

inside the grains by εv , a simpli fied setting of this kind of models is as follows: 
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where ν is the exterior unit normal to εΩ , 0>a , εε ΩΩ=Π \ , εS is the 
boundary of the holes and Ω∂  is the external boundary of  Ω. fD  and pD  are 

constant diffusion coefficients, characterizing the reactive fluid and, respectively, 
the granular material fill ing the holes. 
 We shall consider that the function f  in (1) is a continuously differentiable 

function, monotonously non-decreasing and such that .0)0( =f  

          The function in g  is supposed to be given. We shall assume that g  is 

continuous, monotone increasing and such that .0)0( =g  This  general situation is 
well illustrated by the following two important practical examples: 

a) 0,,
1

)( >
+

= βα
β

α
v

v
vg  (Langmuir kinetics) 

            b)   10,)(
1 <<= −

pvvvg
p

(Freundlich kinetics) 

 
 

         The existence and uniqueness of a weak solution of (1) can be settled by 
using the classical theory of semilinear monotone problems (see  [1] and [7]). 

        If  we define εθ  as being: 
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then  our main result of convergence for this model shows that  εθ  converges 

weakly in )(1
0 ΩH  to the unique solution of the following homogenized problem: 










Ω∂=

Ω=+
∂∂

∂∑
=

.on0

,in)()(
\

-
1ji,

2
0

u

ufug
TY

T
a

xx

u
a

n

ji
ij

 

 
        
         (3) 

 

Here, ))((0 o
ijaA =  is the homogenized matrix, whose entries are defined as 

follows: 
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in terms of the functions jχ , solutions of the so-called cell problems 
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       (5) 
 
 

         The approach we used is the so-called energy method introduced by L. Tartar 
[9] for studying homogenization problems. It consists of constructing suitable test 
functions that are used in our variational problems. Also, let us mention that 
another possible way to get the limit problem (3) could be to use the two-scale 
convergence technique, coupled with periodic modulation (see [5] and the 
references therein). 
        The structure of our paper is as follows: first, let us mention that we shall just 
focus on the case 3≥n , which will be treated explicitly. The case 2=n  is much 
simpler and we shall omit to treat it here. In Chapter 2 we introduce some useful 
notations and assumptions and we give the main result. In Chapter 3 we give the 
proof of the main convergence result of this paper.  
          Finally, notice that throughout the paper, by C  we shall denote a generic 
fixed strictly positive constant, whose value can change from line to line.  

 
2. PRELIMINARIES AND THE MAIN RESULT 

2.1. Notation and assumptions 
Let 
�EH�D�ERXQGHG�FRQQHFWHG�RSHQ�VHW� LQ�Rn, with boundary ∂
�RI�FODVV�

2C . Let [,0[...[,0{[,0[ 21 nlllY ×××=  be the representative cell in Rn and T  an 

open subset of Y  with boundary T∂  of  class 2C , such that .YT ⊂  We shall 

refer to T  as being the elementary hole. We shall denote by kT ,ε the translated 

image of Tε  by  kl0 , ∈k Zn. Also, we shall denote by εT the set of all the holes 

contained in Ω and by  εε T\Ω=Ω . Hence, Ωε is a periodically perforated 
domain with holes of the same size as the period. Let us remark that the holes do 
not intersect the boundary ∂Ω.  

We shall also use the following notations: 
 

  
 
 
 

Also, we shall denote by εχ  the characteristic function of the domain Ωε. 
 

2.2. Setting of the problem 
 As already mentioned, we are interested in studying the behavior of the 

solution, in such a perforated domain, of the following problem: 

.,,\
Y

Y
TSTYY

∗
∗ =∂== θεε  
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        (6) 

 

Here, ν is the exterior unit normal to εΩ , 0>a , εε ΩΩ=Π \ , εS is the 
boundary of the holes and Ω∂  is the external boundary of Ω. fD and pD  are 

constant diffusion coefficients, , characterizing the reactive fluid and, respectively, 
the granular material fill ing the holes. 
We shall consider that the function f  in (6) is a continuously differentiable 

function, monotonously non-decreasing and such that .0)0( =f  We shall also 

suppose that there exist a positive constant C  and an exponent q , with 

)2/(0 −<≤ nnq , such that 

).1( quC
u

f
+≤

∂
∂

 
  

       (7) 
 

The function g  in (6) is assumed to be given. We shall assume that g  is 
continuous, monotone increasing and such that .0)0( =g  This general situation is 
well ill ustrated by the above mentioned important practical examples (Langmuir 
and Freundlich kinetics). Moreover, we shall suppose that there exist a positive 
constant C  and an exponent  q , with )2/(0 −<≤ nnq , such that 

).1()( 1++≤ qvCvg   
        (8) 

 
         Let us introduce the functional space 
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with 
 

.)(2 εε Ω∇= LV vv  
 
 
 

Also, let us consider the space 
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The variational formulation of problem (6) is the following one: 
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        Under the above structural hypotheses and the conditions fulfill ed by εH , it 
is well-known by classical existence and uniqueness results (see [1] and [7]) that 
(9) is a well-posed problem. 
        Let us introduce again 
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         In order to describe the asymptotic behavior of the solution of problem (9), 
let us recall the following well-known extension results (see [2]-[3]): 
Lemma 2.1. There exists a linear continuous extension operator 

))(;())();(( 1
0

22 ΩΩΩ∈ HVLLLLP εεε �  and a positive constant C , 

independent of ε, such that 
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for any .εVv ∈  
         An immediate consequence of the previous lemma is the following 

Poincaré’s inequality in εV : 
Lemma 2.2.  There exists a positive constantC , independent of ε, such that 

,
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∇≤
LL

vCv   
 
 

for any .εVv ∈ Apart from these results, let us recall the following one (see [8]): 
Lemma 2.3. There exists a positive constant C , independent of ε, such that 
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2.3. The main result 
        The main result of this paper is the following one: 

Theorem 2.4. Let εu be the unique solution of the problem (6). Then, there exists 

an extension εε uP  of εu into all Ω , positive inside the holes, such that 
εε uP u→  weakly in )(1

0 ΩH  and u is the unique solution of: 
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Here, ))((0 o
ijaA =  is the homogenized matrix, whose entries are defined as 

follows: 
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in terms of the functions jχ , solutions of the so-called cell problems 
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The constant matrix 0A  is symmetric and positive-definite.  
 

3. PROOF OF THE MAIN RESULT 
        In order to describe the effective behavior of εu  and εv , we need to prove 
some a priori estimates for them. 

Proposition 3.1.  Let εu  and εv  be the solutions of the problem (6). There exists a 
positive constant C , independent of ε, such that 
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         Proof.  Let us take ),( εε vu  as a test function in (9). Using the properties of 

f and ,g  Hölder and Poincaré’s inequaliti es, the first three estimates come 
immediately. In order to get the fourth one, we shall make use of Lemma 2.3.: 
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and this concludes the proof. 

Corollary 3.2. If εu  and εv  are the solutions of the problem (6), then, passing to 

a subsequence, still denoted by ε, there exist )(1
0 Ω∈ Hu  and )(2 Ω∈ Lv  such 

that 
εε uP →→ ),(inweakly 1

0 ΩHu   
(17) 
 

),(in  weakly~ 2 Ω→ Lvv ε   
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.u
Y

T
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         Proof.  The convergence results (17)-(19) are direct consequences of the 
estimates (13)-(16). 

Finally, let us note that there exists a positive constant C , independent of ε, 
such that 
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Hence, there exists )(1
0 Ω∈ Hθ  such that 

)( inweakly 1
0 Ω→ Hθθ ε   

 
 

and it is not difficult to see that u=θ . This proves, in fact, the following 

Corollary 3.3. Let εθ  be defined by (2). Then, there exists )(1
0 Ω∈ Hθ  such that 
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),( inweakly 1
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where θ  is the unique solution of  
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and 0A  is given by (11)-(12), i.e. u=θ , due to the well-posedness of problem (9). 
        Proof of Theorem 2.4. Set 
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If we denote by ∼ the zero extension to the whole of Ω of functions defined on εΩ  

or εΠ , we see that εξ1
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Let us now see which is the equation satisfied by 1ξ and 2ξ . Let )(0 Ω∈ ∞Cφ . 
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Now, we can pass to the limit, with 0→ε , in all the terms of (21). For the first 
two, we have 
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In order to pass to the limit in the third term, let us notice that, exactly like in [5], 

one can easily prove that for any )(0 Ω∈ ∞Cφ  and for any zz →ε  weakly in 

)(1
0 ΩH , we get 
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Putting together (22), (25) and (26), we have 
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It remains now to identify 21 ξξ + . Introducing the auxiliary periodic problem 
(12) and following a standard procedure (see [5]), one easily gets 
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Since )(1
0 Ω∈ Hu  (i.e. 0=u  on Ω∂ ) and u  is uniquely determined, the whole 

sequence εε uP  converges and Theorem  2.4. is proved.   
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