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Abstract

A brief review of nonrelativistic calculations for the bremsstrahlung
spectrum in the presence of a strong external monochromatic electromag-
netic field is followed by an analysis of some pecularities of two approxi-
mate equations corresponding one to fast incident electrons (Karapetian
and Fedorov 1978) and the other to low laser frequency regime (Zhou
and Rosenberg 1993). Our numerical evaluations of the bremsstrahlung
spectrum, based on these equations are reported as graphs.
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1 Introduction

The atomic processes in the presence of a laser field are classified in two
categories: laser assisted and laser induced processes. In the first case, a basic
process taking place in the absence of the laser is modified by its presence,
sometimes drastically. For the electron - atom (ion) system the processes
from this category considered in the literature include scattering (elastic and
inelastic), radiative electron capture and spontaneous emission of radiation.
The laser-induced processes take place only in the presence of the external
field. The most studied processes are the multiphoton ionization and the
harmonic generation. There are experimental, as well as theoretical studies,
for all these processes [1]. Roughly, an external field has more influence on
free states than on bound states. Perturbation theory ceases to be an useful
tool in the intense fields regime.

The transitions taking place during electron scattering, induced or spon-
taneous, are also called free-free transitions because the initial and final states
of the electron are both in the continuum.

We refer here to the laser modified electron bremsstrahlung, a laser-assisted
process. The process in the absence of the field is the ordinary bremsstrahlung,
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i.e., the spontaneous emission of a photon in the presence of an atomic tar-
get (atom, ion, nucleus). Essential features of the electron bremsstrahlung on
ionic targets can be understood using the Coulomb potential [2] as a model
for the target. The presence of an external electromagnetic field modifies the
emission of radiation during scattering. Attention was given in the litera-
ture to laser induced bremsstrahlung and inverse bremsstrahlung, processes in
which the electron is forced to emit and, respectively, absorb laser photons.
A problem of practical interest for plasma physics is to establish which of in-
duced emission or absorption is predominant. The spontaneous emission takes
place simultaneously with induced transitions and its features are expected to
be modified by the external intense electromagnetic field. For this case only
theoretical investigations can be found in the literature. For a brief review
of the literature up to 1993, we mention §4.5 of the Physics Report review of
Ehlotzky et al. [3]. The situation has not changed much since.

In the simplest description, adopted here, the atomic target is replaced
by a potential field. Even in this case, the majority of the existing studies
on laser assisted spontaneous bremsstrahlung contain qualitative conclusions
only. In an effort to explore the available information, we have analyzed two
of the existing equations, based on different assumptions:

i) the Born approximation calculation of Karapetian and Fedorov [4]
ii) the low laser frequency approximation of Zhou and Rosenberg [5].

Both calculations are nonrelativistic and refer to a monochromatic electro-
magnetic field.

We first refer briefly in Sect. 2 to the ordinary bremsstrahlung. We do
this because for laser modified bremsstrahlung we meet the same type of
cross sections as for ordinary bremsstrahlung, and more than that, in the
approximate equation of Zhou and Rosenberg in Sect. 6 we meet the ordinary
bremsstrahlung cross sections with modified parameters. In Sect. 3 we give a
qualitative description of spontaneous emission in the presence of a laser. A
brief mention to the literature is the objective of Sect. 4. The two approxi-
mations we are interested in are presented in Sects. 5 and 6. A feature of the
bremsstrahlung spectrum predicted by Karapetian and Fedorov is a resonant
behaviour in very intense fields. The transition from a flat spectrum at low
intensities to an oscillatory one in an intense field is the subject of our discus-
sion in Sect. 5. Then, in Sect. 6, we analyze one of the two expressions for
the spectrum derived by Rosenberg and Zhou. We extract its consequences
for the extension of the spectrum beyond the ordinary bremsstrahlung tip and
discuss it in terms of the maximum number of emitted and absorbed laser
photons. For the Coulomb field we present as graphs the behaviour of spectra
with increasing external field intensity. Finally, in Sect. 7 we compare the
predictions of the two approaches and focus on their range of validity.
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2 General equations for ordinary bremsstrahlung

In ordinary bremsstrahlung [2], during a collision the electron losses part of
its energy by the emission of one photon of angular frequency denoted by wx.
The energy is conserved, so the final electron energy is

where T; is the incident electron energy. A momentum q is transfered to the
atomic field

q=Dpi —pr — hKx, (2)

where p; and pr denote, respectively, the initial and final electron momentum
and h kx the photon momentum. As in any spontaneous emission, all direc-
tions and polarizations are possible for the photon. The emitted radiation
spectrum extends from 0 to the tip frequency
S = T, )

We refer to the case where the photon polarization and the electron spin are
not observed. In a nonrelativistic treatment the electron spin is ignored.

The simplest and most common observation detects the photon spectrum
only and leads to the cross-section

o . t
spont _ spont. emission rate in (wx,wx +dwx)  do™"

incident electron flux dwx dwx; (4)
which depends on the incident electron energy, and changes with the emitted
frequency. Obviously, the cross section depends also on the atomic potential.
The spectrum is obtained by summing over the photon polarization, integrat-
ing over its direction and integrating over the scattered electron attributes.

To a more elaborate experiment, which detects also the photon direction,
it corresponds a double differential cross section, d20§f ont Jdwx dQ2x , where
dQx is the solid angle element in which the photon is emitted. Another
double differential cross section corresponds to the detection of the photon
spectrum in coincidence with the electron direction. This cross section will be
denoted by dQO'(Sf)?nt Jdwx dQe , with d)e the solid angle element in which the
electron is emitted.

3 Laser modified bremsstrahlung

In the presence of an electromagnetic field, the cross sections mentioned pre-
viously are defined in the same way as before, but depend on the field pa-
rameters. In this paper, the external field will be taken as monochromatic,
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with frequency wy, and maximum intensity Iy. In this case, the most intuitive
and usual description of the influence of the laser on spontaneous emission
will envisage it as taking place simultaneously with the emission or (and) the
absorption of laser photons. The theory supports directly this interpretation,
because if the interaction with the external field lasts long enough, any of the
cross sections defined previously can be presented as a sum of cross sections,
each term in the sum corresponding to the spontaneous emission of a photon
of frequency wx accompanied by a net exchange of n laser photons; n > 0
and n < 0 mean, respectively, net absorbtion and emission of | n | laser
photons. The situation is not easy to interpret if the laser pulse is short.

So, in the presence of the field, the cross-section dox , defined by (4), can
be presented as:

o
dox = Z doy, . (5)
n=ng
The minimum number of exchanged laser photons was denoted by ng. In the
present context, we shall call do,, a partial cross section. The final electron
energy, different for each term, is

T,=T;, —hwx +nhwy, >0 (6)

Theoretically, in contrast with ordinary bremsstrahlung, the spontaneously
emitted photon frequency wx can be arbitrarily large, if the necessary large
number of laser photons is absorbed by the electron.
For hwx < T;, a negative n is allowed only if
T; — hwx

For hwx > T;, the number of absorbed photons should satisfy

n > M > 0. (8)
th
In both cases there is not a superior margin for n. Nevertheless a decrease of
the cross section do,, with increasing n is expected, so practically there is an
endpoint of the photon spectrum. Some of the existing approximate equations
predict an end point of the spectrum. More on this will be said in Sect. 6.
Each partial cross section depends on the external field parameters; in
particular dog is not the ordinary bremsstrahlung cross section, but reduces
to it in the absence of the field. The other partial cross sections (n # 0) vanish
in the absence of the external field.
We shall not give details on the derivation of the equations in the fol-
lowing sections. The most convenient procedure is a hybrid one, describing
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the electromagnetic field as having two components, one described classically,
corresponding to the laser field, and the other one, needed to describe the
spontaneous emission, quantized. The calculations considering that only one
photon is emitted spontaneously treat the interaction with the quantized field
as a perturbation.

4 Low and intermediate intensity calculations

The literature of spontaneous emission in electron scattering in the presence
of an external field starts with relativistic calculations [6]. It was later realized
that the nonrelativistic regime for electron energy should be more interesting
for experiment [4].

At low electromagnetic field intensity one can use perturbation theory. Its
limit of valability is not well established, but it was applied to intensities up
to 10 W/cm?. The number of laser photons implied in a free-free transition
(some of them virtually) gives the needed order of the perturbation theory to
be used in the calculation. In the Coulomb case the description of the induced
emission or absorption of only one laser photon is possible using adequately
[7] the well known Sommerfeld formula.

Spontaneous emission simultaneously with the exchange of a given number
of laser photons was studied in the cases n = %1 for electron scattering in a
potential. This was done in second order perturbation theory. The calculation
of Krainov and Roshchupkin [8] is valid at low energy electrons scattered by
the Coulomb field. High energy results can be extracted from Karapetian and
Fedorov equation [Eq. (9) below], valid for any laser intensity. A calculation at
any nonrelativistic electron energy, but valid at low field intensity, is possible
based on the knowledge of two-photon continuum-continuum matrix element
in the Coulomb field [9, 10, 11, 12]. Nevertheless, numerical calculations have
not be done, with one exception: an evaluation of the cross-section d3ci T
corresponding to the detection of electrons and photons in coincidence, only
for the very particular geometry in which the laser linear polarization s,
the emitted photon polarization sx and the incident electron momentum p;
are orthogonal to each other. The published results [13] correspond to low
incident electron energy, arround 10 eV and external frequency wy, = 1.17 eV
(Nd:YAG laser case). A comparison was made with ordinary bremsstrahlung
emitted under the same condition, sx - p; = 0, with the conclusion that in
the incident energy range investigated (10-30 eV) the Compton scattering in
the presence of the Coulomb potential dominates ordinary bremsstrahlung
for I, /Ip > 1078 (Iy =~ 3.5 x 10! W/cm? is usually taken as the unity of
electromagnetic radiation intensity).

)

The extension to intermediate laser intensity (the range 107 —10'2 W /cm?)
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was done in a recent calculation [14] of the spontaneous bremsstrahlung ac-
companied by an exchange of 0, 1 and 2 laser photons. The approximation
of the total cross section based only on the inclusion of the mentioned terms
indicates a reduction of the spontaneous emission compared with the case in
which the laser field is absent (see Fig. 5 of [14]).

5 Born approximation

In Born approximation the electromagnetic field is considered so intense that
the atomic potential could be treated as a perturbation. A calculation was per-
formed by Karapetian and Fedorov [4] in the case of the Coulomb potential, in
the nonrelativistic case and in dipole approximation, for a monochromatic lin-
early polarized electromagnetic field. In our notations, their expression for the
double differential cross section that would correspond to detecting the emit-
ted X photon frequency and the scattered electron direction in coincidence,
is

o0
2 _KF _ 2_KF
daex—gdan

no
8 pn M2 2 dwx
2 _KF __ 2 5 _2HFPn 2
d O'n = ﬂ Z « aOE;—%Jn(zn)dQeE. (9)
with
Qo SL - q
p%:p?—i—Qmeh(nwL—wx), zn:Tna QnEpi_pn-(lo)

The vector py is the momentum vector of the scattered electron (mass me)
which has exchanged n photons with the laser field. The vector qn is the
momentum transfer from the electron to the atomic field, in dipole approxi-
mation. As usually, the fine structure constant is denoted by «, the first Bohr
radius by ag and the velocity of light by c¢. The real unity vector s;, describes
the direction of the laser polarization. The quantity «q,

GAO

Me WL,

(11)

coincides with the amplitude of the quiver motion of an electron in a monochro-
matic homogeneous electric field of maximum intensity & = wy, Ag. The use
of the Born approximation implies o Zc¢/v < 1, with Z the charge of the
nucleus and v the electron velocity. The condition has to be fulfilled by both
the incident and scattered electron velocities.

For very low laser frequency the momentum p, is replaced by pg. This
implies

ag = —

2 _KFsoft __ 32 spont 72 KF soft spont
d“o, =dox" J;(20), doy = doy (12)
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where the cross sections dQU:%?nt and doy " are those of ordinary brems-
strahlung. This is a typical result for low laser frequency regime, first described
in the case of laser induced processes [15, 16]. The last equations should
apply for high energy electrons, low laser frequencies and not very intense
field. Nevertheless, we have to keep in mind that approaching the end of the
spectrum the electrons have less and less energy, so the Born approximation
will fail.

The situation investigated in more detail [4] is that of very intense laser
fields for which the quiver velocity of the electron, vy = wr,aq , is much larger
than its velocity in the absence of the laser field. This implies

= > 1. (13)

£
v p

In this regime, Karapetian and Fedorov have predicted the existence of a
resonant behaviour for frequencies wx in the vicinity of multiples of wy,. In
the case of the geometry p; L s, the resonances are single peaks located at
wx = Nwr, (N a pozitive integer). They have a double-peak structure in the
case p; || sL, the two maxima being located at wx ~ (1 £ 1/§) Nwr,. The
predictions are based on the behaviour of the Bessel functions in Eq. (9) and
are confirmed by a few numerical calculations [17]. In the conditions of Fig. 6
of [17] the oscillatory behaviour is present from low frequencies up to the tip.

We have computed the laser modified bremstrahlung spectrum, by inte-
grating the double differential cross section (9) over the electron direction. The
numerical challenge comes from the evaluation of Bessel functions of both large
order and arguments. A large number of partial cross sections contribute. For
instance, at the incident energy T;=1 keV, the frequency wy = 4.68 eV and
the value ap = 20 a.u., this number ranges from 700 at low frequencies up
to 100 toward the end of the spectrum, for a truncation error less than 107°.
In the following we have considered only the geometry p; || sp,. In this case,
the axial symmetry allows the reduction of the double integral over electron
directions to a single integral. All calculations are done for atomic number
Z =1.

Figures 1 and 2 correspond to incident electron energy T7= 1 keV, the
frequency wy = 4.68 eV and several values of «g. The quantity represented
is

vg _ |e| Ao

2
(o dJX
= -] —. 14
7T wx ( c) dwx (14)
In Fig. 1 the abscissa is the ratio

th
k= 15
- (15)

In the absence of the laser the spectrum ends strictly at £ = 1, reaching the
value zero. The spectra appear as smooth. The external field has two visible
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Figure 1: Coulomb bremsstrahlung spectrum [Eq. (14)] as function of the
ratio k = hwyx /T; in Born approximation, for incident electron energy T; = 1
keV, laser frequency wy = 4.68 eV. The number atached to each curve is the
value of ag in a.u.

effects with increasing «g: a reduction of o at low and intermediate frequen-
cies and an extension of the spectrum beyond the ordinary bremsstrahlung tip

(3).

In Fig. 2, in another representation, taking the ratio wx/wy, on abscissa
we illustrate the existence of the oscillations in the spectrum. In our case
they are visible starting with ag = 50 a.u. With increasing «g the distance
between two succesive maxima decreases, approximately as 1 + 7/2¢. This
behaviour, valid with an error less than 10%, was established by noticing that
the position of the n-th maximum in the spectrum is close to the position
of the first maximum of the partial cross section do,. At even large values
(ap > 200, in Fig. 2), the double peak structure predicted by Karapetyan and
Fedorov comes into play. In our case the two peaks near wx = wy, are clearly
visible for ag = 240. Finally, we remark that Figure 2 covers only the small
frequency region of the spectrum. A calculation at larger wyx shows that the
oscillatory behaviour have the tendency to disappear.
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Figure 2: The same as Fig. 1, but the abscissa is now wx /wry, .

6 Low laser frequency calculations

The bremsstrahlung in laser-assisted scattering was investigated by Zhou and
Rosenberg [5] for the case of an intense, low-frequency laser field. They con-
sider a short range potential, and a linearly polarized laser field described by
the vector potential

A = Agsy, cos wt. (16)

Zhou and Rosenberg have derived two expressions for the cross section differen-
tial with respect to the photon frequency wyx. We refer only to the expression
corresponding to Eq. (3.22) of [5]. We transcribe it in a compact manner as

- T(e)an)’ (17)

dO_ZR _ /w ﬁ @ do.spont
0

dwx T p;  dwx

with do®Po™ /dwx the corresponding differential cross section of the ordinary
bremsstrahlung. The laser modified momentum p(#) has the expression

p(f) = p; — e Ag cosOsy, . (18)
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The final energy for the cross section under the integral sign depends on 6,
according to

Ty =T(0) —hwx,  T(0)= ) (19)

As emphasised by its authors [5], the essential feature of the result is the
connection of the laser modified cross section with the cross section in the
absence of the field: the former is an average of the latter, multiplied by the
ratio p(#)/p; , over the phase of the laser field.

We shall discuss now some consequences of Rosenberg and Zhou equation
(17).

We analyze the condition Ty > 0, i.e., the inequality

(p; — eAq cos 0)?

hwx <
X = 2me

, (20)

which shows that the maximum frequency allowed is different at different
values of #. This has to implications:

i) there is a maximum frequency, which depends on the geometry,

ii) the contribution to a given frequency wx does not come always from
all points in the interval (0, 7) of the integration variable 6 in (17).

The maximum frequency allowed is
Pi

SL._

WY = (1+2XE+ 52)wf§3°nt, A= )
T

, (21)

and reduces to wiﬁfﬂt in the absence of the field.

Equation (21) is an analytical expression for the tip position in the presence
of the field. The shift of the tip depends on the ratio £ and on the direction
of the incident electron momentum with respect to the laser polarization. In
particular, for incident electrons parallel to the laser polarization (A = 1), one
has

wmar _ wSPOIlt — 2+ wspont ) 929
X tip tip

We report our conclusions concernig the integration domain in 6 in the
case A = 1.

1) The vicinity of the maximum value is associated to the vicinity of the
point 8 =0.

2) If k < (1—¢)2, the integration domain is (0,7) for ¢ <1 and (0,60;)U
(02, m) for & > 1, where

1- vk 1+Vk
cos Oy = —

& §
3) For k> (1 —¢)2, the integration range is (0, 6y).

cos 01 = — (23)
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Figure 3: Coulomb bremsstrahlung spectrum [Eq. (14)] as function of k in
the low laser frequency approximation, for T; = 0.2 keV, and wy = 1.17 eV.

Our numerical evaluation of the integral over 6 takes care of the situation
just described.

Finally, we mention that Eq. (17) does not display partial cross-sections.
This expression is the equivalent of a sum rule. An estimate of the maximum
number of photons absorbed is possible using the energy conservation,

max spont
wX -

nmaz:w—Lm:(2A£+£2)hTTZL' (24)
This number is huge for incident electron energy in the keV range and laser
photon energy in the eV range, but the corresponding contribution is com-
pletely negligible.

We made numerical evaluations of the laser modified bremsstrahlung spec-
trum based on Eq. (17) for the case of the Coulomb potential, using Sommer-
feld’s [18] formula for do3*®", for different incident electron energies, laser
frequencies and intensities.

Figure 3 corresponds to an incident electron energy T; = 0.2 keV, laser
frequency wr, = 1.17 eV and several values of «g, chosen such that & < 1. The
extent of the spectrum beyond the ordinary bremsstrahlung tip is visible for
ag # 0. At some value of the abscissa, a sudden modification of the tangent is
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Figure 4: Comparison of the low laser frequency approximation (continuous
line) with Born approximation (dashed line) for the Coulomb bremsstrahlung
spectrum [Eq. (14)] as function of k, for T; = 1 keV and wy, = 1.17 eV.

visible on some of the graphs. This (somehow) surprising behaviour appears
exactly at the emitted frequency for which the interval in # which contributes
to the spectrum begins to decrease, according to the rules described previously.
At the same time, we notice that for lower values of wx the spectrum is not
much modified by the increase of ag. The situation is explored in more detail
in Fig. 4, for T; = 1 keV and wy = 1.17 eV. In this figure, we compare the
spectra obtained in the low frequency approximation (17), using Sommerfeld
formula, with those in Born approximation (9), represented by dashed lines,
for three values of . We observe that to the rapid variation of the spectrum,
described before, there corresponds a sinuous variation in Born approximation
(visible also in Fig. 1). Also, it is to be remarked that the valability of the
Born approximation is not worsened by increasing «g. In the absence of the
field the value of the spectrum at the tip is zero in Born approximation. But,
as noticed previously, Born approximation is not valid in the tip region. The
difference between Born and exact Coulomb in the presence of the laser field is
comparable with that in the absence of the field. The extent of the spectrum
beyond the ordinary bremsstrahlung tip is visible in both Figs. 3 and 4.
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Figure 5: Born approximation results for the spectrum [Eq. (14)]: with Eq.
(9) - continuous line and with Eq. (17) - dotted line, as function of k, at T; =
1 keV and wy, = 9.36 eV.

7 Other quantitative results

As a check of our calculation, but not only for that purpose, we have compared
the spectra coming from Karapetian and Fedorov equation (9) with those from
Zhou and Rosenberg equation (17) in which the Coulomb bremsstrahlung
spectrum was taken in Born approximation. In Fig. 5, the comparison is
done for T; = 1 keV, wy = 9.36 eV, and several values of oy : 0, 5, 10,
20 and 30 a.u. We see that the two calculations produce almost the same
results. This was important in order to gain confidence in our results, as
the used equations are very different, as are the methods required for their
evaluation. With the increase of g there is a slight tendency of amplification
of the difference between the two calculations. This is not surprising, because
Zhou and Rosenberg [5] have argued that the low frequency approximation is
expected to fail at laser intensities for which £ is approaching 1.

In our opinion, the study of the modifications brought by the presence of
a laser field on the spontaneous emission of radiation by an electron can be
continued in several directions, based on more realistic descriptions of both



636 M.Dondera, Viorica Florescu

the atomic target and the external electromagnetic field. It remains also to
be seen if the sudden change in the spectrum displayed in Figs. 3 and 4 is
connected with the adopted approximation.
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