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Abstract

We present a proposition that gives an upper bound on the max-

imal probability for conversion of multipartite pure entangled states

using only local operations and classical communication. Then, we

apply the proposition to some examples and show that it is possible

to find the optimal transformation for particular cases.
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1 Introduction

The study of multipartite entanglement has recently become of increasing
interest in quantum information theory. One of the main goals is to charac-
terize quantitatively and qualitatively multipartite entanglement. While for
two-particle states, one copy entanglement manipulation is known, see e.g.
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Refs.[1, 2], for multiparticle entanglement there still remain open questions
concerning both classification as well as optimal local manipulations.

Nielsen has found the necessary and sufficient condition for conversion of
bipartite pure state, when only local operations and classical communication
(LOCC) are allowed [2]. A more general treatment of local manipulations of
bipartite pure states was subsequently given by Vidal [3]. It has been shown
that there are two classes of pure tripartite entangled states: the GHZ-class
(states of the form |GHZ 〉 = 1/

√
2(| 000 〉+ | 111 〉)) and the W-class (states

of the form 1/
√

3(| 100 〉 + | 010 〉 + | 001 〉)), which are non-interchangeable
under stochastic LOCC [4]. Dür has investigated the entanglement properties
of N-partite states when tracing out any N − 2 particles and he has shown
that there exist states where all particles are entangled with all particles
[5]. In the last years, interesting problems related to entanglement-assisted
transformations and multiple-copy entanglement transformations have been
analyzed [6, 7, 8].

In this work we study the optimal conversion of a multipartite state into
another one. This paper is organized as follows: We start by reviewing
the local manipulation protocols of bipartite entangled states, and also the
concept of bipartite splitting of N parties [9]. Then, using the existence of
a Schmidt decomposition of a bipartite system [10], we find an upper bound
on the maximal probability for conversion between the two states.

Since for the case when the number of particles N ≥ 3, we know only the
optimal manipulation between two tripartite states of the GHZ-type, namely
the optimal distillation of a GHZ-state [11], we apply our result on an example
studied in Ref. [11], and show that we recover the same maximal probability
using a simpler method. Then, we prove that for particular situations we
can compute the maximal probability of success for conversion between two
states by employing the proposition.

2 Local manipulation of bipartite entangled

states

Let us start reviewing Nielsen’s theorem given in Ref.[2]. Consider two pure
bipartite states |ψ1 〉 and |ψ2 〉 shared by the usual parties, Alice and Bob.
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The Schmidt decompositions of the two states are:

|ψ(m) 〉 =
n∑

i=1

√

α
(m)
i | i(m)

A i
(m)
B 〉, (2.1)

where α
(m)
i ≥ α

(m)
i+1 ≥ 0,

∑n
i=1 α

(m)
i = 1, and m = 1, 2. Without loss of

generality, the state spaces of the two particles are supposed to have the
same dimension, n.

It has been shown that a necessary and sufficient condition for the lo-
cal conversion with probability one of the state |ψ(1) 〉 into the state |ψ(2) 〉
is that the vector ~α(1) = (α

(1)
1 , ..., α(1)

n ) is majorized by the vector ~α(2) =

(α
(2)
1 , ..., α(2)

n ):
k∑

i=1

α
(1)
i ≤

k∑

i=1

α
(2)
i , k = 1, ..., n. (2.2)

Vidal has shown that the maximal probability for conversion of |ψ(1) 〉
into |ψ(2) 〉, P (|ψ(1) 〉 → |ψ(2) 〉) by LOCC is [3]:

P (|ψ(1) 〉 → |ψ(2) 〉) = min
l∈[1,n]

El(ψ
(1))

El(ψ(2))
, (2.3)

where El are entanglement monotones defined by: El(|ψ(i) 〉) =
∑n

k=l α
(i)
k ,

which are quantities which do not increase under LOCC, on average.

3 Multipartite entangled states

Let us now introduce the concept of bipartite splitting: consider N observers
who share N particles. A partition of the N particles into two groups is called
a bipartite splitting if the observers who have the particles in the same group
can act jointly on them.

Proposition:
Let |Φ 〉 and |Ψ 〉 be two N-particle pure states shared by N observers

A1, A2,..., AN . The state space is H = Cd1 ⊗ Cd2 ⊗ ... ⊗ CdN . We denote by
|χ 〉i1,i2,...,im a m-particle state which belongs to the observers Ai1,..., Aim, who
can act jointly on this state. Then the maximal probability P (|Φ 〉 → |Ψ 〉)
to convert |Φ 〉 into |Ψ 〉 by local operations and classical communication
(LOCC) satisfies :

P (|Φ 〉 → |Ψ 〉) ≤ min{P (|Φbipartite
Π(1),...,Π(m) 〉 → |Ψbipartite

Π(1),...,Π(m) 〉)}, (3.4)
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where we have denoted by |χbipartite
Π(1),...,Π(m) 〉 the state which describes an arbitrary

bipartite splitting of the initial and final states

|χbipartite
Π(1),...,Π(m) 〉 ==

∑

k

√
pk|χk 〉Π(1),...,Π(m)|χk 〉Π(m+1),...,Π(N), (3.5)

|χ 〉 = |Ψ 〉, |Φ 〉. The minimization in Eq.(3.4) is to be performed over m =
1, 2, ..., N and all the permutations Π of N particles, and P (|Φbipartite

Π(1),...,Π(m) 〉 →
|Ψbipartite

Π(1),...,Π(m) 〉) is the maximal probability (2.3) for conversion of the bipartite
states.

Proof. Consider the minimal probability in Eq.(3.4) is obtained when

m = n and Π =

(

1 2 . . . N
i1 i2 . . . iN

)

. We will denote by Ai1,...,in the

observer who acts on the state |χ 〉i1,i2,...,in , and by Ain+1,...,iN another observer
who acts on the state |χ 〉in+1,in+2,...,iN .

Suppose that there is a protocol P for conversion |Φ 〉 into |Ψ 〉 by LOCC
with a probability of success P (|Φ 〉 → |Ψ 〉) such that:

P (|Φ 〉 → |Ψ 〉) > P (|Ψbipartite
i1,...,in 〉 → |Φbipartite

i1,...,in 〉). (3.6)

Then the two observers Ai1,...,in and Ain+1,...,iN can use the protocol P in or-
der to perform the transformation, which would give a greater probability
than P (|Ψbipartite

i1,...,in 〉 → |Φbipartite
i1,...,in 〉). However the probability P (|Ψbipartite

i1,...,in 〉 →
|Φbipartite

i1,...,in 〉), obtained using the Eq.(2.3), is the maximal probability for con-
version of the two bipartite states and this leads to contradiction.

Corollary

If we can find a local protocol that gives a probability of success for con-
version between two states equal to the upper bound given by Eq.(3.4), then
this protocol is optimal.

The corollary gives the usefulness of the proposition. It allows us to test
if a certain protocol we have is optimal or not. At the same time, however,
the proposition has a major weakness. It does not say whether LOCC can
reach the upper bound or not, and in a bad case it may be that generally
the upper bound given by the proposition is too high, then by making the
proposition less useful. Specific examples are given in the next section, both
giving useful results, as well as results where a local protocol does not reach
the bound.

Let us compute the minimum number of bipartite splittings [9] we have
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to consider in order to apply the proposition:

n =
1

2

N∑

m=1

(

N
m

)

= 2N−1 − 1. (3.7)

4 Local transformations between three-particle

states

In the following we will apply the above proposition to two examples of three-
particle entangled states shared by three persons, Alice, Bob, and Charlie,
hence we have to compute the probabilities for the three cases of bipartite
splitting: (i) ’Alice and Bob’− ’Charlie’; (ii) ’Bob and Charlie’− ’Alice’; (iii)
’Alice and Charlie’− ’Bob’.

Example 1. Consider that three observers, Alice, Bob, and Charlie,
share a W-state:

|ψW 〉 =
√

a| 100 〉 +
√

b| 010 〉 +
√

c| 001 〉, (4.8)

where a, b, c > 0, a+b+c = 1, and a ≥ b ≥ c. They want to obtain a bipartite
maximally entangled state shared by Alice and Bob: 1√

2
(| 00 〉+| 11 〉)AB| 0 〉C .

(i) The Schmidt decomposition of the initial state (4.8) is:

|ψW 〉 =
√

a + b





√

a

a + b
| 10 〉 +

√

b

a + b
| 01 〉





AB

| 0 〉C +
√

c| 00 〉AB| 1 〉C .

(4.9)
The maximal probability for conversion of the bipartite state (4.9) into a

EPR pair is given by Eq.(2.3): P1 = 1.
(ii) The Schmidt decomposition is in this case:

|ψW 〉 =
√

a| 1 〉A| 00 〉BC +
√

b + c| 0 〉A




√

b

b + c
| 10 〉 +

√

c

b + c
| 01 〉





BC

.

(4.10)
The maximal probability is: P2 = 2min{a, 1 − a}.

(iii) The state (4.8) can be written in its Schmidt decomposition:

|ψW 〉 =
√

a + c

(√

a

a + c
| 10 〉 +

√

c

a + c
| 01 〉

)

AC

| 0 〉B +
√

b| 00 〉AC | 1 〉B.

(4.11)
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Then, we have: P3 = 2b. The above proposition gives the upper bound:
P (|ψW 〉 → |EPR 〉AB) ≤ 2b.

We will show that there is a local protocol that gives a probability equal
to the upper bound corresponding to the case a). First, Charlie measures his
particle in the computational basis, and will obtain the outcome | 0 〉 with a
probability equal to ’a + b’, therefore the total state will be projected onto:





√

a

a + b
| 10 〉 +

√

b

a + b
| 01 〉





AB

| 0 〉C . (4.12)

He has to communicate the outcome of his measurement (one classical bit of
information) to Alice and Bob. Second, Alice and Bob will convert locally
the state (4.12) into an EPR pair with a maximal probability [3] equal to
’ 2b
a+b

’. The total probability for obtaining one EPR pair is equal to ’2b’, and
according to the corollary, the above local protocol is optimal.

The next example has been studied in Ref.[11], where it has been pre-
sented the optimal distillation of the GHZ-state from one copy of an arbitrary
state which belongs to the GHZ-class.

Example 2. Consider that three observers, Alice, Bob, and Charlie,
share the three-particle state:

|φ1 〉 = µ1| 00c1 〉 + µ2| 11c2 〉, µ1 ≥ µ2 > 0, (4.13)

where the particles “1”, “2”, and “3” belong to Alice, Bob, and Char-
lie, respectively. They want to transform this state into the GHZ-state
|GHZ(3) 〉 = 1√

2
(| 000 〉+ | 111 〉). We can write the state of Charlie’s particle

as following:

| ci 〉 = γi| 0 〉 + δi| 1 〉, γi, δi ≥ 0, γ2
i + δ2

i = 1, i = 1, 2. (4.14)

(i) In this case, the state space is C4 ⊗ C2, where C4 represents the space of
particles “1” and “2”, and can be described by the basis:

| 00 〉 = | 0̄ 〉, | 01 〉 = | 1̄ 〉, | 10 〉 = | 2̄ 〉, | 11 〉 = | 3̄ 〉. (4.15)

Therefore, the state (4.13) can be written:

|φ1 〉 = µ1γ1| 0̄0 〉 + µ1δ1| 0̄1 〉 + µ2γ2| 3̄0 〉 + µ2δ2| 3̄1 〉, (4.16)
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and the GHZ-state:

|GHZ 〉 =
1√
2
(| 0̄0 〉 + | 3̄1 〉). (4.17)

We will denote by ’y’ the following scalar product:

〈 c1 | c2 〉 = y. (4.18)

The maximal probability is given by Eq.(2.3):

P1 = 1 −
√

1 − 4µ2
1µ

2
2(1 − y2). (4.19)

(ii) The state space is C2 ⊗ C4, where C4 represents the space of parti-
cles “2” and “3”, and can be described by the basis (4.15). The Schmidt
decomposition of |φ1 〉 is:

|φ1 〉 = µ1| 0 〉(γ1| 0̄ 〉 + δ1| 1̄ 〉) + µ2| 1 〉(γ2| 2̄ 〉 + δ2| 3̄ 〉). (4.20)

The maximal probability is: P2 = 2µ2
2.

(iii) The state space is C4 ⊗ C2, where C4 represents the space of parti-
cles “1” and “3”, and can be described by the basis (4.15). The Schmidt
decomposition of |φ1 〉 is:

|φ1 〉 = µ1(γ1| 0̄ 〉 + δ1| 1̄ 〉)| 0 〉 + µ2(γ2| 2̄ 〉 + δ2| 3̄ 〉)| 1 〉. (4.21)

The maximal probability is: P3 = 2µ2
2. The minimal probability min{P1, P2, P3}

is obtained in the first case and is equal to P1 given by Eq.(4.19).
Let us consider the following transformation:

I ⊗ I ⊗ (ǫ1| 0 〉〈 c′1 | + ǫ2| 1 〉〈 c′2 |), (4.22)

where {| c′1 〉, | c′2 〉} is the biorthonormal basis to | c1 〉, | c2 〉, and

ǫi =
1√
2µi

(

1 −
√

1 − 4µ2
1µ

2
2(1 − y2)

)1/2

, i = 1, 2. (4.23)

By applying this local operator onto the state |φ1 〉, the three observers will
get the GHZ-state with a probability equal to the upper bound P1 given by
Eq.(4.19), hence this protocol is optimal.
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5 Transformations between N-particle states

Example 3. Let us now suppose that Alice, Bob, and Charlie share a copy
of the following W-state (the three particles are denoted by the indices ”1”,
”2”, and ”3”):

|ψW 〉123 = (
√

a| 100 〉 +
√

a| 010 〉 +
√

1 − 2a| 001 〉)123, (5.24)

where a ∈
[

1
3
, 1

2

)

, and, at the same time, Bob and Charlie have an EPR pair,

the total state being: |φ2 〉 = |ψW 〉123 ⊗ 1√
2
(| 00 〉 + | 11 〉)45. They want to

perform the transformation between the two inequivalent classes of three-
particle entangled states with the help of one EPR pair [12]: |φ2 〉 → |χ 〉,
where

|χ 〉 = |GHZ 〉125 ⊗ | 00 〉34 =
1√
2
| 0 〉1| 00 〉24| 00 〉35 +

1√
2
| 1 〉1| 10 〉24| 01 〉35.

(5.25)
Since we have three observers, we have to consider again the three posibilities
of bipartite splitting as before.

Case (i): The initial state can be written in the Schmidt decomposition:

|φ2 〉 =
√

a| 0̄ 〉AB| 0̄ 〉C+
√

a| 1̄ 〉AB| 1̄ 〉C+

√

1 − 2a

2
| 2̄ 〉AB| 2̄ 〉C+

√

1 − 2a

2
| 3̄ 〉AB| 3̄ 〉C ,

(5.26)
where | 0̄ 〉AB = 1√

2
(| 1 〉| 00 〉 + | 0 〉| 10 〉),| 1̄ 〉AB = 1√

2
(| 1 〉| 01 〉 + | 0 〉| 11 〉),

| 2̄ 〉AB = | 0 〉| 00 〉, | 3̄ 〉AB = | 0 〉| 01 〉, | 0̄ 〉C = | 00 〉, | 1̄ 〉C = | 01 〉, | 2̄ 〉C =
| 10 〉, | 3̄ 〉C = | 11 〉.

The Schmidt decomposition of the final state is:

|χ 〉 =
1√
2
| 0′ 〉AB| 0̄ 〉C +

1√
2
| 1′ 〉AB| 1̄ 〉C , (5.27)

with | 0′ 〉AB = | 0 〉| 00 〉 and | 1′ 〉AB = | 1 〉| 10 〉. We will denote by ψ1 ∼ ψ2

two states ψ1, ψ2 which are local unitary equivalent. We have:

|χ 〉 ∼ | ǫ 〉 =
1√
2
| 0̄ 〉AB| 0̄ 〉C +

1√
2
| 1̄ 〉AB| 1̄ 〉C . (5.28)

The maximal probability of success to transform |φ2 〉 → | ǫ 〉 is given by
Eq.(2.3): P1 = 1.
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Case (ii): The Schmidt decomposition is:

|φ2 〉 =
√

1 − a| 0̄ 〉A| 0̄ 〉BC +
√

a| 1̄ 〉A| 1̄ 〉BC , (5.29)

where | 0̄ 〉A = | 0 〉, | 1̄ 〉A = | 1 〉, | 0̄ 〉BC = 1√
1−a

(
√

a
2
| 10 〉| 00 〉+

√
a
2
| 11 〉| 01 〉+

√
1−2a

2
| 00 〉| 10 〉 +

√
1−2a

2
| 01 〉| 11 〉), | 1̄ 〉BC = 1√

2
(| 00 〉| 00 〉 + | 01 〉| 01 〉).

The final state is:

|χ 〉 =
1√
2
| 0̄ 〉A| 0′ 〉BC +

1√
2
| 1̄ 〉A| 1′ 〉BC

∼ |µ 〉 =
1√
2
| 0̄ 〉A| 0̄ 〉BC +

1√
2
| 1̄ 〉A| 1̄ 〉BC . (5.30)

The maximal probability to transform |φ 〉 into |µ 〉 is given by Eq.(2.3):
P2 = 2a.

Case (iii) The Schmidt decomposition of the initial state is:

|φ3 〉 =

√

1 − a

2
| 0̄ 〉AC | 0̄ 〉B +

√

1 − a

2
| 1̄ 〉AC | 1̄ 〉B

+

√
a

2
| 2̄ 〉AC | 2̄ 〉B +

√
a

2
| 3̄ 〉AC | 3̄ 〉B, (5.31)

where | 0̄ 〉AC =
√

a
1−a

| 1 〉| 00 〉 +
√

1−2a
1−a

| 0 〉| 10 〉, | 1̄ 〉AC =
√

a
1−a

| 1 〉| 01 〉 +
√

1−2a
1−a

| 0 〉| 11 〉, | 2̄ 〉AC = | 0 〉| 00 〉, | 3̄ 〉AC = | 0 〉| 01 〉, | 0̄ 〉B = | 00 〉, | 1̄ 〉B =

| 01 〉, | 2̄ 〉B = | 10 〉, | 3̄ 〉B = | 11 〉. We have in this case P3 = 1.
Therefore the upper bound is equal to P2 = 2a. Using the proposition

we obtain the following relation for the maximal probability of conversion
between the two states by LOCC:

P (|φ2 〉 → |GHZ 〉125 ⊗ | 00 〉34) ≤ 2a. (5.32)

In the following we will find a local protocol for conversion between the
initial state and the final one, which succeeds with a probability equal to the
upper bound. This protocol consists of three steps:

(a) Charlie measures his particle “3” in the computational basis. Charlie
will obtain the state | 0 〉3 with the probability ’2a’, therefore the state of the
whole system will be projected onto:

|φ′ 〉 =
1

2
(| 1 〉1| 00 〉24| 0 〉5 + | 1 〉1| 01 〉24| 1 〉5) +

+
1

2
(| 0 〉1| 10 〉24| 0 〉5 + | 0 〉1| 11 〉24| 1 〉5) . (5.33)
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(b) Bob applies a CNOT operation onto his particles, where the particle
“2” represents the source, while particle “4” is the target:

|φ′′ 〉 =
1

2
(| 1 〉1| 0 〉2| 0 〉5 + | 0 〉1| 1 〉2| 1 〉5) | 0 〉4 +

+
1

2
(| 1 〉1| 0 〉2| 1 〉5 + | 0 〉1| 1 〉2| 0 〉5) | 1 〉4. (5.34)

(c) Bob measures particle “4” in the computational basis. Regardless of
Bob’s outcome measurement, the final state is local unitary equivalent to
the state GHZ. We have obtained the final state with the total probability:
P = 2a. The probability given by the above local protocol is equal to the
upper bound, and according to the corollary, the local protocol is optimal.

Example 4. Let us now discuss a generalization of the second example:
Consider that N observers share the following state:

|φ3 〉 = µ1| 00...0c1 〉 + µ2| 11...1c2 〉, µ1 ≥ µ2 > 0, (5.35)

where the general states | ci 〉, i = 1, 2, are given by Eq.(4.14). They want
to transform it into the N-particle GHZ-state: |GHZ(N) 〉 = 1√

2
(| 0...00 〉 +

| 1...11 〉).
Cases (ik), k = 1, 2, ..., N −2: The Schmidt decomposition of the state is:

|φ3 〉 = µ1| 0...0
︸ ︷︷ ︸

k

〉(γ1| 0...00
︸ ︷︷ ︸

N−k

〉 + δ1| 0...01
︸ ︷︷ ︸

N−k

〉) +

+µ2| 1...1
︸ ︷︷ ︸

k

〉(γ2| 1...10
︸ ︷︷ ︸

N−k

〉 + δ2| 1...11
︸ ︷︷ ︸

N−k

〉). (5.36)

The maximal probability is: P1 = 2µ2
2.

Case (iN−1): The state is written as follows:

|φ3 〉 = µ1| 00...0 〉| c1 〉 + µ2| 11...1 〉| c2 〉
= µ1γ1| 00...0 〉| 0 〉 + µ1δ1| 00...0 〉| 1 〉
+µ2γ2| 11...1 〉| 0 〉 + µ2δ2| 11...1 〉| 1 〉. (5.37)

In this case, the maximal probability is given by:

P2 = 1 −
√

1 − 4µ2
1µ

2
2(1 − y2), (5.38)

where ’y’ is the scalar product (4.18). According to the proposition we have:

P (|φ3 〉 → |GHZ(N) 〉) ≤ 1 −
√

1 − 4µ2
1µ

2
2(1 − y2). (5.39)
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We can generalize the operator (4.22) to the case of N-particle state as follows:

I ⊗ I ⊗ ...I ⊗ (ǫ1| 0 〉〈 c′1 | + ǫ2| 1 〉〈 c′2 |), (5.40)

where {| c′1 〉, | c′2 〉} is the biorthonormal basis to | c1 〉, | c2 〉, and ǫi, i = 1, 2
have been defined by Eq.(4.23). The local operator (5.40) transforms the
initial state into the N-particle GHZ-state with a probability equal to the
upper bound, P2, hence this represents an optimal local protocol.

6 Conclusions

In conclusion, in this paper we have studied the one copy manipulation of
multipartite pure entangled states. We have found an upper bound on the
maximal probability for conversion of multipartite states. This is given by
the optimal local manipulations of the bipartite splittings of the multipartite
states.

We have analyzed examples of multipartite entanglement conversion and
shown that it is possible to perform local transformations between two multi-
partite states with a probability equal to the upper bound and have concluded
that these transformations represent the optimal protocol.
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