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Abstract. The aim of this paper is to study the asymptotic behavior of the solution of a 
nonlinear problem arising in the modeling of enzymatic reactions through porous media. The domain 
is considered to be a fixed bounded open subset Ω⊂Rn, in which identical and periodically distributed 
perforations of size ε are made. The asymptotic behavior of the solution of such a problem is 
governed by a new elliptic boundary-value problem with an extra zero-order term that captures the 
effect of the enzymatic reactions.   
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1. INTRODUCTION 
          

The aim of this paper is to study the homogenization of some nonlinear 
reactive flows through periodically perforated media. Such problems are very 
natural in the study of enzymatic reactions through porous media and, more 
precisely, in the study of the so-called Michaelis-Menten model (for a nice 
presentation of the chemical aspects involved in such a model and for some 
historical backgrounds, see [8]-[9] and the references therein). 

Enzymes are proteins that speed up the rate of a chemical reaction without 
being used up. Enzymes are usually specific to particular substrates. The substrates 
in the reaction bind to active sites on the surface of the enzyme. The enzyme-
substrate complex then undergoes a reaction to form a product along with the 
original enzyme. The rate of chemical reactions increases with the substrate 
concentration. However, enzymes become saturated when the substrate 
concentration is high. Additionally, the reaction rate depends on the properties of 
the enzyme and the enzyme concentration. We can describe the reaction rate with a 
simple equation to understand how enzymes affect chemical reactions. Michaelis-
Menten equation remains the most generally applicable equation for describing 
enzymatic reactions.  
        Let Ω be an open bounded set in Rn  and let us perforate it by holes. As a 

result, we obtain an open set εΩ , which will be referred to as being the perforated 
domain � � ���������	�
����
���������������������������
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perforations. We shall deal with the case in which the perforations are identical and 
periodically distributed and their size is of the order of ε.  
        The nonlinear problem studied in this paper concerns the stationary flow of a 

fluid confined in εΩ , of concentration εu , reacting inside εΩ and on the 
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boundary of the perforations:   
 















Ω∂=

=
∂
∂−

Ω=+∆−

,on0

,on)(

,in)(

ε

ε
ε

εεε

ε
ν

β

u

Suga
u

D

fuuD

�
f

f

 

 
         
 
         
(1) 

 

where ν is the exterior unit normal to εΩ , )(,0 2 Ω∈> Lfa , εS  is the 

boundary of the perforations and Ω∂  is the external boundary of  Ω, fD  is a 

constant diffusion coefficient, characterizing the homogeneous and isotropic fluid. 
     We shall consider that the function β  in (1) is a continuously differentiable 

function, monotonously non-decreasing and such that .0)0( =β  Also, in the 
semilinear boundary condition on the surface of the perforations in (1) the function 
g is assumed to be given and we shall address here the case in which g is a single-
valued maximal monotone graph with ,0)0( =g  i.e. the case in which g is the 
subdifferential of a convex lower semicontinuous function G. 
      This general situation is well illustrated by the following important practical 
example, arising in the diffusion of enzymes and, more precisely, in the so-called 
Michaelis-Menten model: 
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         The existence and uniqueness of a weak solution of (1) can be settled by 
using the theory of semilinear monotone problems (see [1] and [7]). As a result, we 

know that there exists a unique weak solution ),(2 εεε Ω∈ HVu
�

 where 
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If with εΩ we associate the nonempty, convex subset of εV        
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then εu  is also the unique solution of the variational problem 
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where εµ is the linear form on )(1,1
0 ΩW defined by 

∫ Ω∈∀=
ε

ϕσϕεϕµ ε

S
Wd ).(,, 1,1

0   
 

We shall prove that the solution εu , extended to the whole of Ω , converges 

weakly in )(1
0 ΩH  to the unique solution of the following variational inequality: 
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Here, ))(( ijqQ =  is the homogenized matrix, whose entries are defined by: 
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in terms of the functions jχ , solutions of the so-called cell problems 

 
















−

∂=
∂

+∂

=∆− ∗

.periodic

,on0
)(

,in0

Y

T
y

Y

i

ii

i

χ

ν
χ

χ

 

 
     
 
       
(5) 

 
 

    The approach we used is the so-called energy method introduced by L. Tartar 
[10] for studying homogenization problems. It consists of constructing suitable test 
functions that are used in our variational problems. 
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       The structure of our paper is as follows: first, let us mention that we shall just 
focus on the case 3≥n , which will be treated explicitly. The case 2=n  is much 
simpler and we shall omit to treat it here. In Chapter 2 we introduce some useful 
notations and assumptions and we give the main result. In Chapter 3 we give the 
proof of the main convergence result of this paper.  
           

 
2. SETTING OF THE PROBLEM AND THE MAIN RESULT 

 
2.1. Notation and assumptions 

 ����� � ���
	�����
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Rn, with boundary ∂ #

��$

class 2C . Let [,0[...[,0[[,0[ 21 nlllY ×××=  be the representative cell in Rn and T  

an open subset of Y  with boundary T∂  of class 2C , such that .YT ⊂  We shall 

refer to T  as being the elementary hole. We shall denote by kT ,ε
 the translated 

image of Tε  by kl% , ∈k Zn. Also, we shall denote by εT the set of all the holes 

contained in Ω and by εε T\Ω=Ω . Hence, Ωε is a periodically perforated 
domain with holes of the same size as the period.  

We shall use the following notations: 
 

  
 
 

Also, we shall denote by εχ  the characteristic function of the domain Ωε. 
 

2.2. Setting of the problem 

 
 As already mentioned, we are interested in studying the behavior of the 

solution, in such a perforated domain, of the following problem: 
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(6) 

 

Here, ν is the exterior unit normal to εΩ , 0>a , εS is the boundary of the holes 
and Ω∂  is the external boundary of Ω, fD  is a constant diffusion coefficient,  

characterizing the homogeneous and isotropic fluid. 
     We shall consider that the function β  in (6) is a continuously differentiable 

function, monotonously non-decreasing and such that .0)0( =β  

     Also, in the semilinear boundary condition on the surface of the perforations in 
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(6), the function g is assumed to be given and we shall address here the case in 
which g  is a single-valued maximal monotone graph in RR × with ,0)0( =g  i.e. 

the case in which g  is the subdifferential of a proper convex lower semicontinuous 

function G . Moreover, we shall suppose that the domain R=)(gD , g is 

continuous and there exist a positive constant C  and an exponent q , with 

)2/(0 −<≤ nnq , such that 
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      This general situation is well illustrated by the above mentioned important 
practical example (Michaelis-Menten model).  
      The existence and uniqueness of a weak solution of (1) can be settled by using 
the classical theory of semilinear monotone problems (see [1] and [7]). As a result, 

we know that there exists a unique weak solution ),(2 εεε Ω∈ HVu �  where 
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then εu  is also the unique solution of the variational problem 
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where εµ is the linear form on )(1,1
0 ΩW defined by 

 

∫ Ω∈∀=
ε
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S
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0   
(9) 
 

      
 In order to describe the asymptotic behavior of the solution of problem (8), let us 
recall the following well-known extension results (see [2]-[3]): 
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Lemma 2.1. There exists a linear continuous extension operator 
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         As a consequence, the following Poincaré’s inequality holds true in εV : 
Lemma 2.2.  There exists a positive constantC , independent of ε, such that 
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2.3. The main result 

 
        The main result of this paper is the following one: 
 

Theorem 2.3. Let εu be the unique solution of the problem (8). Then, there exists 

an extension εε uP  of εu into all Ω  such that →wuP εε u  weakly in )(1
0 ΩH  

and u is the unique solution of the following problem: 
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Here, ))(( ijqQ =  is the homogenized matrix, whose entries are defined by (4)-(5). 
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3.  PROOF OF THE MAIN RESULT 

 
 

         Proof of Theorem 2.3.  Let εu  be the solution of the variational problem (8) 

and let εε uP  be the extension given by Lemma 2.1. Taking εϕ u= as a test 

function in (8), it is not difficult to see that εε uP  is bounded in )(1
0 ΩH . So, by 

extracting a subsequence, one can assume that there exists )(1
0 Ω∈ Hu such that 

).(inweakly 1
0 Ω→ HuuP wεε  (11) 

 

It remains to identify the limit equation satisfied by .u  Let )(0 Ω∈ ∞Cϕ . By 

classical regularity results, .∞∈ Liχ  Using the boundedness of ϕ  and iχ , there 
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For the second term in the left-hand side of (13), let us notice that, exactly like in 

[6], one can easily prove that for any )(0 Ω∈ ∞Cϕ  and for any zz w→ε  weakly 

in )(1
0 ΩH , we get 
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In order to pass to the limit in the last term of (13), following [3] and [6], let us 

introduce the linear form εµ  on )(1,1
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Now, for the last term in the right-hand side of (13), assuming (7) for the monotone 

graph g and using (19) written for G  and for εεε uPz = , we have 
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It remains to pass to the limit only in the last term of (13). For doing this, we can 
write the subdifferential inequality 
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where Mandϕ  enjoy similar properties as the corresponding ,and Mϕ  the 
right-hand side of the inequality (21) passes to the limit and one has 
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for any )(0 Ω∈ ∞Cϕ  and, by density, for any ).(1
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 Putting together (15)-(22), we get 
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which is just the limit problem (10). Since )(1
0 Ω∈ Hu  (i.e. 0=u  on Ω∂ ) and u  

is uniquely determined, the whole sequence εε uP  converges and Theorem  2.3. is 
proved.   
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