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Abstract. The aim of this paper is to study the asymptotic behavior of the solution of a
nonlinear problem arising in the modeling of enzymatic reactions through porous media. The domain
is considered to be a fixed bounded open subset QOR", in which identical and periodically distributed
perforations of size € are made. The asymptotic behavior of the solution of such a problem is
governed by a new elliptic boundary-value problem with an extra zero-order term that captures the
effect of the enzymatic reactions.
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1. INTRODUCTION

The am of this paper is to study the homogenization of some nonlinear
reactive flows through periodicaly perforated media. Such problems are very
natural in the study of enzymatic reactions through porous media and, more
precisely, in the study of the so-called MichadlissMenten model (for a nice
presentation of the chemical aspects involved in such a model and for some
historical backgrounds, see[8]-[9] and the references therein).

Enzymes are proteins that speed up the rate of a chemical reaction without
being used up. Enzymes are usually specific to particular substrates. The substrates
in the reaction bind to active sites on the surface of the enzyme. The enzyme-
substrate complex then undergoes a reaction to form a product along with the
original enzyme. The rate of chemical reactions increases with the substrate
concentration. However, enzymes become saturated when the substrate
concentration is high. Additionally, the reaction rate depends on the properties of
the enzyme and the enzyme concentration. We can describe the reaction rate with a
simple equation to understand how enzymes affect chemical reactions. Michaglis-
Menten eguation remains the most generally applicable equation for describing
enzymatic reactions.

Let Q be an open bounded set in R" and let us perforate it by holes. As a
result, we obtain an open set Q¢ , which will be referred to as being the perforated
domain; € represents a small parameter related to the characteristic size of the
perforations. We shall deal with the case in which the perforations are identical and
periodically distributed and their size is of the order of «.

The nonlinear problem studied in this paper concerns the stationary flow of a

fluid confined in Qf, of concentration u®, reacting inside Qfand on the
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boundary of the perforations:

S—DfAug +Buf)=f in Q°F,

a

|:| £

0- D ou =zagg(u®) on S,

0 ov D
U

Bu‘" =0 onodQ,

where v is the exterior unit normal to Q°, a>0, f OL*(Q), S° is the
boundary of the perforations and dQ is the external boundary of Q, D, isa
constant diffusion coefficient, characterizing the homogeneous and isotropic fluid.
We shall consider that the function  in (1) is a continuously differentiable
function, monotonously non-decreasing and such that [3(0) =0. Also, in the

semilinear boundary condition on the surface of the perforationsin (1) the function
g is assumed to be given and we shall address here the case in which gisa single-
valued maximal monotone graph with g(0) =0, i.e. the case in which g is the
subdifferential of a convex lower semicontinuous function G.

This general situation is well illustrated by the following important practical
example, arising in the diffusion of enzymes and, more precisely, in the so-called
Michaelis-Menten model:

Oodv

>0
. , V
g(v):Dg; 4 , 3,y>0.

O
HO v<O0

The existence and uniqueness of a weak solution of (1) can be settled by

using the theory of semilinear monotone problems (see [1] and [7]). Asaresult, we
know that there exists a unique weak solution u® OV ¢ N H?(Q¢), where

v ={vOHQ®)|v=00n0oQ }
If with Q° we associate the nonempty, convex subset of V #

Ke={vOV® | GW)|, OLY(S) }

then u® isalso the unique solution of the variational problem
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Find u® OK? such that

DfI DuED(vg—ug)dx+I B(u®) (v -u®)dx -
Qf Qf (2)

[ [ o Y

%&yﬂf—mmwﬁ@ﬁGWQ—qw»zaDWDKﬁ

where i isthelinear form on W, (Q) defined by
(u.¢)=¢[.¢do, DpOW(Q)

We shall prove that the solution u®, extended to the whole of Q, converges
weakly in H é(Q) to the unique solution of the following variational inequality:

uOH(Q)
J’Q QDuD (v —u) dx +‘[Q Bu)(v-u)dx - 3)

J’Q f(v—u)dx+aﬂ1Q (G(v) =G(u))dx =0, OvOH (<

¥

Here, Q =((q;)) isthe homogenized matrix, whose entries are defined by:

D:I:II__[H:II:II:II:ID]:II:II:II:II:I

1 . 0X;
d; =Dy (9 +WIYW: dy), 4

in terms of the functions X ;, solutions of the so-called cell problems

O -Ax, =0 in Y7,
U

U

PO *Y)

-y =0 on 0T, )
U

N Y — period

o X periodic.

d

The approach we used is the so-called energy method introduced by L. Tartar
[10] for studying homogenization problems. It consists of constructing suitable test
functionsthat are used in our variational problems.
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The structure of our paper is as follows: first, let us mention that we shall just
focus on the case n= 3, which will be treated explicitly. The case n =2 is much
simpler and we shall omit to treat it here. In Chapter 2 we introduce some useful
notations and assumptions and we give the main result. In Chapter 3 we give the
proof of the main convergence result of this paper.

2. SETTING OF THE PROBLEM AND THE MAIN RESULT

2.1. Notation and assumptions
Let Q be a bounded connected open set in R", with boundary 0Q of
classC?. Let Y =[0,1,[¥[0,1,[x...x[0,l .[ be the representative cell in R" and T

an open subset of Y with boundary 0T of class C?, such that T OY. We shall
refer to T as being the elementary hole. We shall denote by T ¥ the translated
imageof €T by ¢kl , k[OZ". Also, we shall denote by T ©the set of all the holes

contained in Q and by QFf =Q\F. Hence, Q° is a periodically perforated
domain with holes of the same size as the period.
We shall use the following notations:

YO=Y\T, Sf=0T%, 6="_1"
Also, we shall denote by X ¢ the characteristic function of the domain Q°.

2.2. Setting of the praoblem

As already mentioned, we are interested in studying the behavior of the
solution, in such a perforated domain, of the following problem:

0-D,Au’ +BUf)=f in QF,

U

U

|:| £

0-D; ou =agg(u®) on S,

0 av (6)
U

Eug =0 onodQ,

Here, v is the exterior unit normal to Q°, a>0, S°isthe boundary of the holes
and 0Q is the external boundary of Q, D, is a constant diffusion coefficient,
characterizing the homogeneous and isotropic fluid.

We shall consider that the function B in (6) is a continuously differentiable
function, monotonously non-decreasing and such that 3(0) = 0.

Also, in the semilinear boundary condition on the surface of the perforations in
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(6), the function g is assumed to be given and we shall address here the case in
which g isasingle-valued maxima monotone graphin R x Rwith g(0) =0, i.e.
the casein which g isthe subdifferential of a proper convex lower semicontinuous
function G. Moreover, we shall suppose that the domain D(g) =R, gis
continuous and there exist a positive constant C and an exponent , with
0<g<n/(n-2), suchthat

B q
%l<carpn

lgv)| s C@+M"). @)

Let G(v) = L g(s)ds.

This general stuation is well illustrated by the above mentioned important
practical example (Michaelis-Menten model).

The existence and uniqueness of a weak solution of (1) can be settled by using
the classical theory of semilinear monotone problems (see [1] and [7]). As aresullt,

we know that there exists a unique weak solution u® OV ¢ 1 H?*(Q*¢), where
ve ={vOH(Q%)|v=00n0oQ }
If with Q°® we associate the nonempty, convex subset of V ¢

Ke ={vov® | GW)

1
< OL(S) },
then u® isalso the unique solution of the variational problem

Find u® OK? such that

DfI DUED(VE—UE)dX+J' B(u®)(vF-u®)dx -
Q°f Q° (8)

I o

ELJ'Qs f(v¥ —u)dx+a(u®,G(v") ~G(u*)) 2 0, Ov* OK*,
where i isthelinear form on Wy (Q) defined by

<u£,¢> :sfsgqbda, O¢ OW,(Q). ©

In order to describe the asymptotic behavior of the solution of problem (8), let us
recall the following well-known extension results (see [2]-[3]):
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Lemma 21. Thee exists a linead continuaus extension operator
PP OL(L*(Q°); L2(Q)NL(VE;HI(Q)) and a positive wnstant C,
independent of €, such that, for any vV #,

ey 2@ = Mz e
and

5P

As a consequence, the following Poincaré s inequality holdstruein V €
Lemma 2.2. There exists a positive constant C , independent of €, such that

M < ¢|pv

<C|ov

L2(Q) 24"

L2@Qf) L2f)’

forany vOVE.

2.3. Themain result

The main result of this paper isthe following ore:

Theorem 2.3. Let u® be the unique solution of the problem (8). Then, there exists

an extension P¥u® of u®intoal Q suchthat P*u® (I - u wealy in HZ(Q)
and U isthe unique solution o the following problem:

0

0

0 ubH,(Q)

0

% Io QDuD (v —u) dx +IQ B(u)(v-u)dx -

. (10)
%—IQ f(v—-u)dx+ aﬂj’ (G(V) -G(u))dx =0, OVOH(Q).

H

Here, Q =((q;)) isthe homogenized matrix, whose entries are defined by (4)-(5).
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3. PROOF OF THE MAIN RESULT

Proof of Theorem 2.3. Let u® be the solution of the variational problem (8)
and let P*u® be the extension given by Lemma 2.1. Taking ¢ =u®as a test
function in (8), it is not difficult to see that P“u® is bounded in Hy(Q). So, by
extracting a subsequence, one can assume that there exists u L] H (l,(Q) such that

Pu® (M- u weaklyin H}(Q). (11)

It remains to identify the limit equation satisfied by u. Let ¢ OC;(Q). By
classical regularity results, x; JL™. Using the boundedness of ¢ and ¥;, there
exists M = 0 such that

0¢

0X;

Ix;

L

<
L <M.

Let
v =9+ 322 00x (). ¢

Then, vé OK*®. Moreover, V¢ — ¢ strongly in L*(Q). Let us compute DV :

cog 99 x 9 oy &
Dv* = Z ox (x)(& +Dxi () +£Z Da>g 09xi ()
Using V¢ asatest functionin (8), we have

D, [, DP“u* (Dv* de+IQE B(UE) (v —u®)dx =.

2D, [, DuDudx+ [ f(v° ~u)dx-a(p®, G(v*) - G(u°) (13)

Denote

1
pR2; = (7D 0%, o). (1
99
0x;
pass to the limit in the left-hand side of (13). Hence

X
Neglecting the term ez D—— (X)X, (=), which tends strongly to zero, we can
&
I

D, [, DP“u* (Dv* Ydx — [, PQDUD clx. (15)
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For the second term in the left-hand side of (13), let us notice that, exactly like in
[6], one can easily prove that for any ¢ O C; (Q) and for any z° (11— z weakly

in Hé(Q),Weget

$B(z°) - ¢B(2) stronglyin L%(Q),

where
- _ 2n
1 dn-2+n
Therefore, we have
[ BV —u)dx — [ BU)p (¢ - u)dx (16)

It is not difficult to pass to the limit in the second term of the right-hand side of
(13). We get

Ioe f(ve —ug)dx:‘l’Q fx e (v —Pu®)dx - IQ fo(¢ —u)dx. (17)

In order to pass to the limit in the last term of (13), following [3] and [6], let us
introduce the linear form p1° on W, (Q) defined by

(ue.9)=¢[, ¢do, Dp OV ().
From [3], we know that
e - po strongly inW, ™t (Q), (18)
where
_loT|
(H ,¢>—ng¢dx.

On the other hand, if F is a continuously differentiable function, monotonously
non-decreasing, with F(0) = 0 and such that there exist a positive constant and an

exponent g, with 0< q<n/(n-2) suchthat
oF

<c@+)

it is not difficult to prove (see [6]) tha for any ¢ OC; (Q)and for any
z° V' z weakly in H}(Q), onehas
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OF (z°) IV ¢F (2) weaklyin W (Q),
(19)

where
2n

q:q(n—2)+n'

Now, for the last term in the right-hand side of (13), assuming (7) for the monctone
graph gand using (19) written for G and for z° = P*u®, we have

G(P°u®) - G(u) weaklyin W2I(Q).
Combining this with the convergence (18), we obtain
€ E,,€ |aT|
(u°,G(P°U%)) WJ’ch(u)olx.
Hence, we get

& & E,€ |aT|
(K16 =GP = o [ (G#) = Gl 20)

It remains to pass to the limit only in the last term of (13). For doing this, we can
write the subdifferential inequality

DfJ’QE Du‘Du‘dx = DfIQE Dw* Dw*dx + 2DfIQ€ Dw* (Du® — Dv
(21
)

for any w® [JHZ(Q). Reasoning as before and choosing
- ¢ X
w=g+y e—(X)x (),
¢ E aXi( )X.(E)

where aand M enjoy similar properties as the corresponding ¢ and M, the
right-hand side of the inegquality (21) passesto the limit and one has

liminf D, [ Du“Du“dx > [ pQD#DPAX +2[ p QDG (Du - Dg)dx,

for any EDC{)” (Q) and, by density, for any $D He(Q). Hence, for
udH,(Q), weconclude
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Iimi(r)1f IQ‘ AEDuEDuEdXZIQpQDuDudx (22)

Putting together (15)-(22), we get

f, QDD dx+ [ B -u) 2

> J’Q pQDuDudx+J’Q fo (¢ —u)dx— a%]’g (G(9) — G(u))dx,

for any ¢ OC; (Q) and hence, by density, for any VO H  (Q). So, finaly, we
obtain
IQQDuD(v—u)dx+IQB(u)(v—u)dxz‘l’Q f(v—u)dx—
|6T| G G(u))d
2yl (G Gl
which isjugt the limit problem (10). Since u O Hé(Q) (leu=00n0Q)and u

is uniquely determined, the whole sequence P€u® converges and Theorem 2.3. is
proved.
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