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Abstract. TVD and flux limiter numerical schemes are used to improve the accuracy of the
simulation results for a isothermal lattice Boltzmann model for liquid — vapour fluid systems.
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1. INTRODUCTION

Lattice Boltzmann (LB) models [1,2,3,4,5] provide an alternative to current
methods in computational fluid dynamics (CFD). Unlike conventional numerical
techniques based on the discretization of the macroscopic fluid equations, LB
models are based on the physics at the mesoscopic scale, while the macroscopic
level phenomena are recovered from evolution equations which contain the force
F = ma acting on a fluid particle of mass m. Due to their local nature, LB models
are suitable for parallel computing.

The starting point of LB models is the set of evolution equations for the

distribution functions f;(X,#), which is recovered from the Boltzmann equation
after discretisation of the phase space [6]:
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Here {e;} is the discrete set of particle velocities, while position vectors X belong
to a discrete lattice L. For an isothermal LB model in the 1D case (N=2) we have:
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temperature of the system and x =1/3).

where ¢ =

is the thermal speed (%, is the Boltzmann constant, 7 is the

The equilibrium distribution functions f*/ are expressed as a series
expansion in the local velocity u = u(x,¢):
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The weight factors for the 1D isothermal LB models are:
w,=2/3, w=w,=1/6.

2. THE EVOLUTION EQUATIONS

The non-dimensionalized momentum conservation equation of the model is:

9,(p u)+V(p uu)=-Vp+vV(p Vu)+p a 4

where p is the local fluid density and v is the fluid viscosity. To retrieve a non-ideal
equation of state for the pressure p = p(p,T), the force term in Eq. (1) should be:

m
F =ma= _Ev(pw ~Pu) (5)

where the non-dimensionalized Van der Waals pressure p, , [7] and respectively

the non-dimensionalized ideal gas pressure p,, are:

_ 3T _9p”
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With these relations, taking into account the relation ¢=—, the equilibrium
xm

distribution functions (3) and the surface tension [8], the force term in the LB
equation becomes (up to second order in u):
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3. FINITE DIFFERENCE SCHEMES

The phase space discretized Boltzmann equations (1) may be solved
numerically using an appropriate finite difference scheme defined on the lattice.
When using a characteristic based finite difference scheme, the forward Euler finite

difference is used to compute the time derivative and the distribution functions f; ;

are updated at each lattice node j, at time step n+1. Flux limiter techniques [9,10]
are currently used to improve the numerical stability of the finite difference
schemes. When using a flux limiter technique to compute space derivatives, the left
hand-side of Eq. (1) becomes:

f’l+l_ﬁj+6t8 (Vf ) fn+1_f;j+CFL[ i,j+1/2 Eflj—l/Z] (8)

where CFL = ¢dt/dx is the Courant-Friedrichs-Levy number and

Flon=f+= (I_CFL)[f,;H_fz,] w(o; ;)
©)
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are numerical fluxes. The flux limiter (0] ;) is expressed as a function of the

smoothness:

en f;j f;/ 1
iy =
fi”j+1 flnj

Standard finite difference schemes are recovered from Eq. (9) for two

(10)

particular values of the flux limiters: y(6;;)=0 (upwind scheme) and y(0; ;) =

(Lax Wendroff scheme). In this paper, we will use the Monitorized Central
Difference (MCD) flux limiter.
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The TVD numerical scheme [11,12] starts from the same discretized equation
(8), but the expression of the two fluxes is a bit more complicated:
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Q(x) is a function that eliminates the so-called entropy violation, and the definition
for the function g is recovered using the Minmod operation:
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4. NUMERICAL RESULTS

The main characteristic of the liquid-vapour systems is the phase separation,
which occurs when the system temperature is lowered below the critical

temperature 7, =1. In the final state, the existence of two different phases: the

liquid phase (with higher density) and the gas phase (with lower density) can be
seen (Fig. la). The results we get using the TVD schemes are closer to the
theoretical diagram derived from the Maxwell construction [7]. When using the
UPWIND scheme, a spurious velocity (Fig. 1b) is observed in the interface region.
These features are strongly reduced when using the MCD / TVD schemes.
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Fig. 1 — Phase diagram for liquid-vapour systems(a); Spurious velocities (b).
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The unphysical behaviour of the liquid-vapour system appears because of a

spurious term [13] in the continuity equation (13):
atp+V[pu—%x06pr} =0 (16)

The spurious term acts in the interface region, where large density gradients

are present.
The introduction of a nonzero surface tension in the force term improves the
numerical results, being useful both for the first order UPWIND scheme and the

MCD / TVD high order schemes (Figs. 2a; 2b). The computed phase diagram
become closer to the theoretical one and the spurious velocities are strongly

reduced, in the interface region.
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Fig. 2 — Phase diagram for liquid-vapour systems (surface tension parameter k = 0.0001) (a);
Spurious velocities (surface tension parameter k = 0.0001) (b).

5. CONCLUSIONS

In this paper we discuss the spurious effects, introduced by the numerical
schemes used in a finite difference isothermal lattice Boltzmann model for the
simulation of liquid-vapour systems. Phase separation is achieved through an
interparticle force. The choice of an appropriate numerical scheme is essential to
reduce the spurious behaviour in the interface region.
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