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Abstract. Potential energy surfaces of heavy and superheavy nuclei function of the
separation distance of the fragments and the mass-asymmetry are calculated within the
Yukawa-plus-exponential phenomenological model, by using the nuclear surface parametriza-
tion of two intersected spheres. The fusion barrier height and the saddle-point position are
studied for 200 even-even compound nuclei with atomic numbers Z = 90− 104 and neutron
numbers N = 128 − 176. When the mass number increases along the line of beta-stability,
the barrier height decreases from 23.89 MeV to 10.34 MeV. The saddle-point position of the
majority of nuclides lies outside the touching-point configuration (separated fragments); it
moves inside (overlapping participants) for heavier nuclei.
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1. INTRODUCTION

From 1939 to 1967 the phenomenological liquid drop model (LDM) was
used to explain nuclear fission and fusion phenomena. The analogy between
nuclear matter and a uniformly charged liquid drop is suggested by the satura-
tion properties: both nuclear density and average binding energy per particle
are approximately the same for all nuclei, except the lightest ones. The nu-
clear matter has a low compressibility and the nucleus posses a well-defined
surface.

Already in 1933, Wolfgang Pauli addressed to Werner Heisenberg the
question “Why the nucleus should be built in analogy to the liquid drop,
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and not to the crystalline state?” His answer was [1] “From the empirical
energy differences in nuclear spectra one may deduce the order of magni-
tude of the momenta with which neutrons and protons move in the nucleus
(p2/2M ∼ ∆E). If one calculates from them the dimensions of the orbits ac-
cording to ∆q ∼ �/p, then ∆q empirically becomes of the order of the nuclear
dimension, i.e. the individual particles circulate in the whole nucleus and do
not just oscillate around an equilibrium position. The deeper reason must lie
in the neutron-proton force law”. Since the binding energy of the deuteron
was approximately known (∆E = 2.23 MeV), it was possible to estimate ∆q,
i.e. the size of the deuteron, from which the range of the nuclear forces follows
approximately as r0 ∼ ∆q/2 ∼ 1.5 × 10−13 cm.

Fission of highly excited nuclei in the intermediate mass region is domi-
nated by the liquid drop properties of nuclear matter. A unified approach of
light particle evaporation and fission decay modes of highly excited compound
nuclei well above the barrier height, was developed by Moretto [2] who applied
the transition state formalism used in fission to the light particle evaporation.

Particularly successful variant of the LDM was introduced by Myers and
Swiatecki [3]. Nevertheless, the leptodermous expansion assumed in the LDM
is only valid if all dimensions of the drop are large compared to the surface
thickness, condition not satisfied for strongly necked-in configurations. Other
deficiencies of the LDM surface energy are: the absence of attraction between
separated nuclei at a small distance within the range of nuclear forces and
the neglect of the surface diffusivity. To overcome these difficulties, the sur-
face energy has been replaced by a folded Yukawa-plus-exponential potential
(Y+EM) [4, 5]. The model was generalized for different charge densities of
the fragments [6, 7, 8].

At low excitation energies one should also take into account a microscopic
shell and pairing correction [9, 8], as it was recently done to calculate potential
energy surfaces (PES) for cluster emitters [10] and for light and superheavy
alpha emitters [11], by using the most advanced asymmetric two center shell
model [12, 13, 14].

Based on the LDM, in 1939 Lise Meitner understood that very heavy
nuclei (with atomic number over about 100) would never exist because there
would be no potential barrier against spontaneous decay. The LDM fission
barrier height of the very heavy nuclides is very small: Bf < 0.4 MeV for
Z ≥ 110, Bf < 0.05 MeV for Z ≥ 114, and Bf = 0 for Z ≥ 122. This fission
property has been taken to be a good explanation why superheavy elements
could not be found in nature, until the macroscopic-microscopic method was
developed [9].
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The purpose of the present work is to study how the Y+EM fusion barrier
height and position is changed when the mass number of the parent nucleus
is increased.

2. THE MODEL

The simplest parametrization of the nuclear surface for a binary fusing
system of nuclei

A1Z1 +A2 Z2 →A Z, A1 + A2 = A, Z1 + Z2 = Z (1)

is that of two intersected spheres, with radii Ri = r0A
1/3
i fm, where the nu-

clear radius constant is r0 = 1.16 fm. For a binary fission process one may
keep constant one of the radius (e.g. R2) and take as a deformation coordi-
nate the separation distance between the two spheres, R, whose initial value
is Ri = R0 − R2 and at the touching point (two tangent spheres) it is Rt =
= R1 + R2. Two convenient parameters of deformation could be the dimen-
sionless separation distance, ξ, and the mass asymmetry η defined by

ξ =
R − Ri

Rt − Ri
, η =

A1 − A2

A1 + A2
. (2)

For a given mass asymmetry, η, at every separation distance, R, the
unknown radius, R1 is found from the volume conservation condition (V1+V2 =
= 4πR3

0/3).
By requesting zero deformation energy for a spherical shape, the potential

energy is defined as

EY +EM = (EY − E0
Y ) + (Ec − E0

c ) = E0
Y [BY − 1 + 2X(Bc − 1)], (3)

where E0
Y = a2A

2/3{1 − 3x2 + (1 + 1/x)[2 + 3x(1 + x)] exp(−2/x)},
E0

c = acZ
2A−1/3 are energies corresponding to spherical shape and a2 =

= as(1 − κI2), I = (N − Z)/A, x = a/R0, R0 = r0A
1/3. The parameters

as, κ, ac = 3e2/(5r0), and r0 are taken from Möller et al. [15].
The relative Yukawa and Coulomb energies BY = EY /E0

Y , Bc = Ec/E
0
c

are functions of the nuclear shape. The dependence on the neutron and proton
numbers is contained in E0

Y , in the fissility parameter X = E0
c /(2E0

Y ) and BY .
For a binary fragmentation with charge densities ρ1e and ρ2e, one has [7] a
relative energy

BY =
EY

E0
Y

=
a21

a20
BY 1 +

√
a21a22

a20
BY 12 +

a22

a20
BY 2, (4)
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with axially-symmetric shape-dependent terms expressed by triple integrals

BY 1 = bY

∫ xc

−1
dx

∫ xc

−1
dx′

∫ 1

0
dwF1F2QY , (5)

BY 12 = bY

∫ xc

−1
dx

∫ 1

xc

dx′
∫ 1

0
dwF1F2QY , (6)

BY 2 = bY

∫ 1

xc

dx

∫ 1

xc

dx′
∫ 1

0
dwF1F2QY , (7)

in which bY = −d4(r0/2a2)a2R0A/E0
Y , d = (z′′ − z′)/2R0 is the nuclear

semilength in units of R0 and

F1 = y2 + yy1 cos ϕ − x − x′

2
dy2

dx
, (8)

QY = {[√P (
√

P + 2a/R0d) + 2a2/(R0d)2] ·
· exp(−R0

√
Pd/a) − 2a2/(R0d)2}/P 2. (9)

F2 is obtained from F1 by replacing dy2/dx with dy2
1/dx′. In the above equa-

tions P = y2 + y2
1 − 2yy1 cos ϕ + (x− x′)2, w = ϕ/2π, and xc is the position of

separation plane between fragments with −1, +1 intercepts on the symmetry
axis (surface equation y = y(x) or y1 = y(x′)). The integrals are computed
numerically by Gauss-Legendre quadratures.

In a similar way the Coulomb relative energy is given by

Bc =
Ec

E0
c

=
(

ρ1e

ρ0e

)2

Bc1 +
ρ1eρ2e

ρ2
0e

Bc12 +
(

ρ2e

ρ0e

)2

Bc2 (10)

and for axially symmetric shapes

Bc1 = bc

∫ xc

−1
dx

∫ xc

−1
dx′F (x, x′), (11)

Bc12 = bc

∫ xc

−1
dx

∫ 1

xc

dx′F (x, x′), (12)

Bc2 = bc

∫ 1

xc

dx

∫ 1

xc

dx′F (x, x′), (13)

where bc = 5d5/8π. In the integrand

F (x, x′) =
{

yy1[(K−2D)/3]
[
2(y2+y2

1)−(x−x′)2+
3
2
(x−x′)

(
dy2

1

dx′ −
dy2

dx

)]
+

+K

{
y2y2

1/3 +
[
y2 − x − x′

2
dy2

dx

] [
y2
1 − x − x′

2
dy2

1

dx′

]} }
a−1

ρ . (14)
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K and K ′ are the complete elliptic integrals of the first and second kind,
respectively:

K(k) =
∫ π/2

0
(1 − k2sin2t)−1/2dt, (15)

K ′(k) =
∫ π/2

0
(1 − k2sin2t)1/2dt, (16)

and a2
ρ = (y + y1)2 + (x − x′)2, k2 = 4yy1/a

2
ρ, D = (K − K ′)/k2. The elliptic

integrals may be calculated by using Chebyshev polynomial approximation.
For x = x′ the function F is not determined. In this case, after removing the
indetermination, we get F (x, x′) = 4y3/3.
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Fig. 1 – Y+EM potential energy surface versus ξ = (R − Ri)/(Rt − Ri)
and η = (A1 − A2)/A for 230Th nucleus.
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Fig. 2 – Y+EM potential energy surface versus ξ = (R − Ri)/(Rt − Ri)
and η = (A1 − A2)/A for 262Rf nucleus.

Starting from the touching point configuration, R ≥ Rt, for spherical
shapes of the fragments, one can use analytical relationships. The Coulomb
interaction energy of a system of two spherical nuclei, separated by a distance
R between centers, is Ec12 = e2Z1Z2/R, where e is the electron charge.

Within a liquid drop model (LDM) there is no contribution of the sur-
face energy to the interaction of the separated fragments; the barrier has a
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maximum at the touching point configuration. The proximity forces acting at
small separation distances (within the range of strong interactions) give rise
in the Y+EM to an interaction term expressed as folllows

EY 12 = −4
(

a

r0

)2 √
a21a22

exp(−R/a)
R/a

[
g1g2

(
4 +

R

a

)
− g2f1 − g1f2

]
, (17)

where

gk =
Rk

a
cosh

(
Rk

a

)
− sinh

(
Rk

a

)
, (18)

fk =
(

Rk

a

)2

sinh
(

Rk

a

)
. (19)

In many cases the interaction energy is maximum at a certain distance
Rm > Rt = R1 + R2, which can be found by solving numerically the following
nonlinear equation

ex + p1 + x(p1 + xp) = 0; x = R/a (20)

in which

p = −a3

r2
0

√
a21a22

g1g2

e2Z1Z2
(21)

p1 = p(4 − f1/g1 − f2/g2) (22)
and the interval xt = Rt/a, xt + 5 may be given as input data of a program
using Müller’s iteration scheme of succesive bisections and inverse parabolic
interpolation.

3. RESULTS

We performed calculations for 200 even-even nuclides with proton num-
bers Z = 90−104 and neutron numbers from N = 128 to N = 176. Two exam-
ples are given in Figs. 1 for 230Th and 2 for 262Rf parent (or compound) nuclei.

On both potential energy surfaces one can see a deep valley at symmetry
(η = 0) and the Businaro-Gallone mountains at large deformations. The
detailed shapes of the potential barrier along this valley are obtained as a cut
of the PES at η = 0 and is represented in Fig. 3.

The position of the saddle-point (maximum value along these minima)
lies at a dimensionless separation distance ξSP = (RSP −Ri)/(Rt −Ri) larger
than unity for not very heavy nuclei (e.g. 230Th) but starting from some large
value of Z at smaller value of N , as shown in Fig. 4, ξSP < 1.

For a large number of heavy nuclei we have studied, the saddle point
position remains almost constant around a value ξSP ≈ 1.06. Then, for
Z = 100 we found ξSP < 1 for nuclei with N = 128 − 140, for Z = 102
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Fig. 3 – Y+EM potential barrier versus ξ = (R − Ri)/(Rt − Ri) for sym-
metric binary fusion (η = 0) leading to 230Th and 262Rf compound nuclei.
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Fig. 4 – Surface plot of the saddle-point position ξSP =(RSP−Ri)/(Rt−Ri)
versus the neutron and proton numbers of heavy nuclei.

the range is increased up to N = 148, and for Z = 104 the largest N with
ξSP < 1 becomes N = 166.

For the nuclei under consideration, a maximum value of the fusion barrier
height as large as Eb = 24.97 MeV is obtained for 244Th, i.e. Z = 90, N = 154,
as can be seen in Figs. 5 and 6. When the atomic number is increased up to 104
the barrier height decreases down to 3.45 MeV for 232Rf (Z = 104, N = 128).

In order to see better the detailed variation with N and Z of the potential
barrier height (Figs. 5 and 6) and the saddle-point position (Fig. 4) one may
choose two different paths in the plane (N,Z): (1) variation with N along the
Green approximation of the beta stability line

N − Z = 0.4A2/(200 + A) (23)

and (2) the variation with Z for the minimum value of N considered by us,
which is Nmin = 128. The results are plotted on the left-hand side of Fig. 7
for the former case and on the right-hand side for the latter.
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Fig. 5 – Surface plot of the barrier height versus the neutron and proton
numbers of heavy nuclei.
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Fig. 6 – Contour plot of the barrier height versus the neutron and proton
numbers of heavy nuclei.

When the neutron number along the line of beta stabilty is increased
from 138 to 166 (from Z = 90 to Z = 104) the barrier height decreases almost
linearly from 23.89 to 10.34 MeV. In the same time the position of the saddle-
point decreases smoothly from 1.065 at N = 138 to 1.038 at N = 162 and
suddenly decreases to 0.955 at N = 164.

On the right-hand side of Fig. 7 the lowest values of the barrier height
at a given Z are obtained at N = 128. They are decreasing almost linearly
from 21.97 MeV at Z = 90 to 3.45 MeV at Z = 104. The position of the
saddle point decreases slowly from 1.063 at Z = 90 to 1.037 at Z = 98 and
then there is a sudden jump to 0.891 at Z = 100 and finally less steeper to
0.833 at Z = 104.

In conclusion the macroscopic fusion barrier height decreases smoothly
for heavier and heavier compund nuclei and the position of the saddle point
remains in the region of separated fragments outside the touching point con-
figuration (ξSP > 1) up to Z = 98 − 104 depending on the neutron number;
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Fig. 7 – Barrier height (top-left) and position of the saddle-point (bottom-
left) versus the neutron numbers of heavy nuclei along the beta stability
line. Barrier height (top-right) and position of the saddle-point (bottom-
right) versus the atomic numbers of heavy nuclei for a given neutron

number N = 128.

it is in the overlapping part of the fragments (ξSP < 1) for lower values of N
starting with Z = 100.
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6. D.N. Poenaru, M. Ivaşcu, D. Mazilu, J. Phys. G: Nucl. Phys., 5, 1093 (1979).
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