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Abstract. Hypergeometric type operators are shape invariant, and a factorization into a product
of first order differential operators can be explicitly described in the general case. Some additional
shape invariant operators, directly related to certain Schrodinger type operators, are obtained by using
a deformation of the operators occurring in this general factorization. The mathematical properties of
the eigenvalues and eigenfunctions of the operators thus obtained depend on the values of parameters
involved. We investigate the square integrability of eigenfunctions and the monotony of the
eigenvalue sequence.
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1. INTRODUCTION

Many problems in quantum mechanics and mathematical physics lead to
equations of the type

o(s)y"(s) + () y'(s) + hy(s) =0, (1

where o(s) and t(s) are polynomials of at most second and first degree,

respectively, and A is a constant. These equations are usually called equations of
hypergeometric type [9], and each of them can be reduced to the self-adjoint form

[5(s)p(s)y'()]' + Ap(s)y(s) =0, 2)

by choosing a function p such that (op)'=1tp. The equation (1) is usually
considered on an interval (a,b), chosen such that ]imbc(s)p(s)zo and
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o(s)>0,p(s)>0 for all se(a,b). Since the form of the equation (1) is invariant

under a change of variable s+>cs+d, it is sufficient to analyze the cases
presented in Table 1. Some restrictions are imposed on o and B in order that the

interval (a,b) exist.

Table 1

The main cases

o) | wo) p(s) (a.b) o.p

1 as+p Qo2 ps (—00,0) a<0

s os+p sPle (0,00) a<0,>0

-2 as +P (14 5)" @ P21 (] — g)asprz-t (-L1) 0 <B<-a

$2-1 as +B (s +1) @ P (g 1)lepr- (1,) B<a<0

52 os +[3 g% 2P (0,0) a<0 ,[3 >0

S2 +1 oS +B (1 + SZ)OL’Z—ICIJ arctan s (—oo,oo) o< O
G’,(S)

It is well-known [9] that for L =2,, where /e N and Ay =- I(I-1)=7'(s)]

the equation (1) admits a polynomial solution @, = @ of at most / degree
o(s)®; + 1(s)®@; + 1, D, =0. 3)

The function CD,(S)M is square integrable [2, 3, 9] on (a,b) and
0=%A, <A, <...<A, for any /<A, where A=w for ¢"(s)e{0,-2} and
A=(-a)/2 for ¢"(s)=2. The system of polynomials {®, |/ <A} is orthogonal
with weight function p(s) in (a,b).

2. FUNCTIONS OF HYPERGEOMETRIC TYPE

Let [eN, /<A, andlet me{0,1,...,/}. If we differentiate (4) m times then
we get

m+2 m+1 dm

G(S)WCDI +[t(s) + mo (S)]W(Dl + (A, —km)wq), =0. 4)

The equation obtained by multiplying this relation by /c™(s) can be written as

H,®,, A =\®,  ,where H, is the differential operator

I,m >
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H, = —cs(s)d—z2 - t(s)i L mm=2) (c'(s))" -
ds ds 4 o(s)
| 1 )
mis) 5) 1 = 2)6"(s) = mr'(s),

2 o(s) 2

m

e ®,(s) defined by using x(s)=./c(s) are

called the associated special functions. If 0<m<I<A then ®,  (s)\/p(s) is
square integrable [2, 3] on (a,b) . One can prove that the functions ®

and the functions @, (s)=«"(s)

are related

I,m

through the first order differential operators

A4, = K(S)% —mk'(s)

. d (s , ©)
4= ““(S)a‘%‘ (m-1)K'(s),
namely, we have
Amfl>,m={0 for I=m
’ ®,,., for m<I<A (7
A,®,,., =0, =A,)D,, for 0<m<I<A,
and
k' (s) for m=I[
Cinl$)=) 4, Ao A (s) for 0<m<I<A. ®
A=A, A=A, A=A
The operators H,, satisfy the intertwining relations [2, 7, 8]
H,4,=4,H, ., AH, =H, A, 9)
and are shape invariant.
H,-\,=44, H, . -\, =44 . (10)

For each m <A, the functions ®,, with m</<A are orthogonal [2, 3]

with weight function p(s) in (a,b),and || @, [FA, =2, [|@,, ]

The normalized associated special functions ¢,, =®, /|| ®,, || satisfy the

l,m

relations
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for /=
1/k —A, O, for m<I<A
(1),,"+1 1/7» A, 0, for 0<m<I<A (11)
A A
\/x x NV YN
3. SHAPE INVARIANT OPERATORS RELATED TO H,,
Some additional shape invariant operators directly related to H, can be

obtained in the cases when o and [ are such that there exists keR with

p(s)=c"(s) (Table 2).

Table 2

The cases when p(s) is a power of o(s)

o(s) | us) | p(s) k (a,b) ao,p

S p s p-1 (0,%0) p>0

I=s? | 0 Q=)™ | o | CLD [ a<0

2

-1 | as | (2-1)e! o (1,0) a<0
2

52 as 572 &, (0,%0) a<0
2

sP4+1 | o (s* +1)**! o, (—0,0) | <0
2

From (op)' =1p we get 1(s) = (k +1)c'(s) =2(k + 1)k(s)x'(s) , and

A, = K(S)%— m'(s) Ab = —K(S)%— 2k +m+1)K(s).

(12)

For any constants ¢, the deformed operators A’ = A’ +¢, and A, =4, +¢,

which we can consider for any m € R satisfy the relations

(A" +e YA, +e )=H, A —¢g, Qm+2k+1)x'(s)+¢e’,
(A, +e, WA +e )=H,  —\, —¢&, (2m+2k+1)Kk'(s)+¢..

If we choose ¢, =8/(2m+ 2k +1) with & an arbitrary constant, then the

operator H . =H, - 8%{ satisfy the intertwining relations [4, 5]
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Aml:’lm :Flmﬂ‘im’ ﬁmgr; = ~;I:Im+1 (13)

and is shape invariant, namely, we have

g;gm :Hm _Xm’ "Zm r; :Hm+1 _7\’m’ (14)
82

where Xm =X\, ————————— - Following the analogy with (7) we consider the
Cm+2k+1)

function Cbm,m obtained, up to a multiplicative constant, by solving the equation
Amd)n1,m = 0 >

_ 28
(Js) e 7 if o(s)=s
W1-s* )"R{ia:—sif-j if o(s)=1-s
d,, () = (\/szi—l)m(sﬂ/szi—l)’mi-l if o(s)=s -1 (15)
Sm_z’”f“*‘ if o(s)=s

S
(Vs> +1D)" (s ++/s” +1) 2ol if  o(s)=s" +1.

The mapping m +— im is an increasing function on the set {m | dixm >0}.
m
The set M={ m | diim >0 and J-b(i)j, L, (8)p(s)ds <oo } of all the values of
m a

m for which di}:'" >0 and d)mﬂmJE is square integrable on (a,b) is presented
m
in Table 3.

Table 3

The set M
a(s) w(s) | M
s B %) for §<0
(

—B+%,oo) for >0

1-s2 as
s (lza,ooj for any 6 € R
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Table 3 (continued)
2 _ os
s -1 %) for o< 1
2
_3’1__0‘_ /_E for §e (_l’()]
22 2 2
_g,l—_on_\/g ) 1__0‘,1__0‘,;\/5 for §e (o,l)
272 2 2 2 2 2
1__0‘,1__“_,_\/5 for §e [l,oo)
2 2 2 2
s° as | & forany deR
sS4l | as _
—oo,l—a— 131 forany 6 € R
2 2
If /eM and neN are such that {{—-n,/—n+1,...,[} M then for each

me{l—n,l—-n+1,...,[—1} the function

B ;14- 1"i+ + + B
(D,,m =_ m~ _ mtl e 1—3 _ l—l CD[,/ (16)
7‘1 - 7\’m }“/ _}\‘mﬂ 7“/ - 7“172 7‘/ - 7“171
has the form
I-m _ 26&
Zc/. (s) e 22p if o(s)=s
j=0
I-m _ darcsin s
chsj (N1=s7) e 2ol if o(s)=1-s"
®, = 7 . (17)
’ I-m _
e,/ (Vs =17 (s+ s =1) el if o(s) =5 -1
j=0
I-m _ 3
chsj (Vs> + 1)/ (s+s” +1) 2l if  o(s)=s +1,
j=0
where ¢ . are real constants. If /eM and #neN are such that

{I,I-1,..,1—n} cM, then the function d~),,m\/5 is

square integrable for any
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me{l,l-1,..,/—n}. The definition (16) of Ci)l’m can be re-written as

4 g » whence AD,, . =0 =)D,

Since I:IZ&),J = (4’ 4, +7~w)q~)1,1 =7~“1q~)1,1 and

e ss _ H Ay o AH,, c s s
Hm+1q)l,m+l _xlq)l,mﬂ = qu)l,m N ~ (I)l m+l — Z ~ 1,m+1 _)\’I(Dl,m’
x = Y

we get by recurrence H,® = L@ m- We have

that is, ;lmé)l’m = d~),’m+1.

Fig. 2 — The boundary of M in the case o(s) =s’ +1.
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4. APPLICATION TO SCHRODINGER TYPE EQUATIONS

If we use in equation H,® Im = A, .m @ change of variable
(a',b") > (a,b): x+> s(x) such that ds/dx =+x(s(x)) and define the new functions
¥y 1 (X) = 4 [k(s(x))p(s(x))D 1. (8(x)) then we get an equation of Schrodinger type

2

0+ 0P, 0= A, () (1)

The operators corresponding to /Z\m and /Z\; are

A 12 —-1/2 d 17
A, =[P A, [K()p()] ™ |y =F—+ W, (x),
] & (19)
A, =IREPE] A IROPOT |y =F -+ 7, (),
where the superpotential Wm (x) is given by the formula
A GG I R B LS 5
W () 2k(s(x)) [m 2) ds (s(x)+ 2m+ 2k +1 20)

and V_(x)=W2(x) T W, (x)+ 4, . Since

[, %, ,@d=[D,, ()b, (s)p(s)ds

the functions ‘i’,‘m(x) are square integrable (resp. orthogonal) if and only if the

corresponding functions @, (s) are square integrable (resp. orthogonal).

I.m
Particular cases [1,6,8]. Let oo, =—(2m+oa —1)/2 and o', =2m - —1)/2.
1. Coulomb type potential. In the case o(s)=ws, the change of variable

(0,00) = (0,00): x > s(x) = x ?/4 leads to

7 ()= — Ny 8

W)= (Bﬂn 2]x+2m+2[3—1’

7 (y) = 1 EEAR NP

Vm(x)—(Ber 2J(B+m 2))62 8x, 21

- 52
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2. Trigonometric Rosen-Morse type potential. In the case o(s)=1-s", the

change of variable (0,7) > (-1,1): x> s(x) =cos x leads to

W, (x)=a/ cotanx +

2m—o -1’
V., (x):(oc;,2 —oc,'n)coseczx+8c0tanx—oc;”2 +m(m—a-—1), (22)
2
A, =m(m-o-1)— 0 >
2m—-a-1)

3. Eckart type potential. In the case o(s)=s" —1, the change of variable
(0,00) > (1,0) : x > s(x) = coshx leads to

W (x)=oa,cotanhx + 5 ,
2m+a -1
V (x)= (ocfn +o, ) cosech’x — Scotanhx + o, — m(m — o — 1), (23)
~ &2
A,=-mm—-o—-1)-———.
Cm+a-1)

4. Hyperbolic Rosen-Morse type potential. In the case o(s)=s" +1, the
change of variable R - R :x — s(x) = sinh x leads to

W, (x)= o, tanh x +

2m+oa—1’
\~/m (x)= —(afn +0Lm)sech2x—8tanhx+ ol —m(m—-oa-—1), (24)
2
A, =—m(m—0t—1)—6—2.
2m+a-1)

The exactly solvable Schrodinger type equations play an important role in
quantum mechanics. In this paper, we have explored the properties of some
additional shape invariant operators directly related to hypergeometric type
operators. Particularly, we have identified new exactly solvable Schrodinger type
equations satisfying the usual requirements concerning their eigenvalues and
eigenfunctions. They may play a role in some future applications.
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