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Abstract. Mesonic bulk viscous solutions are found in modified theory of general relativity 
(proposed by Barber, [1]) in the plane symmetric inhomogeneous space-time. Some interesting and 
important properties of the solutions with singularity involved in the models are discussed. The 
models found in this paper can be applied to all the stages of the evolution of the Universe.   
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1. INTRODUCTION 

In an attempt to make Einstein’s theory of general relativity more 
satisfactory, Barber [1] proposed his second self-creation theory of gravitation by 
modifying general relativity. In this modified theory of general relativity, the scalar 
field does not gravitate directly but simply divides the matter tensor acting as a 
reciprocal to gravitational constant G. This theory predicts local effects that are 
within the observational limits. Moreover, this theory is capable of verification or 
falsification as it can be done by observing the behavior of both bodies of 
degenerate matter and photons. An observation of anomalous precessions in the 
orbits of pulsars about central masses and an accurate determination of the 
deflection of light and radio waves passing close to sun would verify or falsify such 
a theory and determines λ. The theory predicts the same precession of the perihelia 
of the planets as general relativity and in that respect agrees with observation to 
within 1%. In the limit λ→0 this modified theory approaches the Einstein’s theory 
in every respect. Many authors have studied the modified theory of general 
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relativity in various angles. Pimentel [2] has solved the Friedmann-Barber field 
equations under the assumptions of power law dependence of the scalar field on the 
scale factor Soleng [3, 4] has generalized the work of Pimentel [2] and got 
solutions for the vacuum dominated, radiation dominated and dust filled universe 
of the flat FRW space-time. Reddy and Venkateswaralu [5] have got Bianchi type 
VIO cosmological solutions both in vacuum and in presence of perfect fluid with 
pressure equal to energy density. Venkateswarlu and Reddy [6] have also got 
spatially homogeneous and anisotropic Bianchi type-I cosmological macro models 
when the source of gravitational field is a perfect fluid. Shanti and Rao [7] have 
also got spatial homogeneous and anisotropic Bianchi type-II and III cosmological 
models both in vacuum and in presence of stiff fluid. Carvalho [8] has obtained a 
homogeneous and isotropic model of the early universe in which parameter gamma 
of “gamma law” equation of state varies continuously with cosmological time. 
Also he has presented a unified descriptions of early universe for inflationary 
period and radiation dominated era. Shri Ram and Singh [9] have obtained spatially 
homogenous and isotropic R-W model of the universe in the presence of perfect 
fluid by using ‘gamma law’ equation of state. Mohanty et. al., [10] have obtained 
vacuum and Zeldovich fluid models for plane symmetric anisotropic homogeneous 
space-time. Mohanty et. al. [11, 12] have obtained an anisotropic homogeneous 
Bianchi type-I cosmological micro model in Barber’s second theory of gravitation 
wherein the scaler field describe the elementary particles and their interactions 
(Srivastav and Sinha [13]). Also they have obtained a micro and macro 
cosmological model in the presence of massless scalar field interacted with perfect 
fluid. Panigrahi and Sahu [14, 15, 16, 17] have obtained plane symmetric 
inhomogeneous macro models, plane symmetric mesonic stiff fluid models, plane 
symmetric cosmological micro models in Barber’s second theory of gravitation. 
Sahu and Panigrahi [18] have obtained Bianchi type-I vacuum modes and recently 
Sahu and Mohanty [19] have investigated inhomogeneous mesonic perfect fluid 
models in modified theory of general relativity.  
 Usually the investigation of relativistic models has the energy momentum 
tensor of matter and generated by a perfect fluid. But to obtain more realistic 
models, one must consider the viscosity mechanism. The viscosity mechanism in 
cosmology has attracted the attention of many researchers as it can account for 
high entropy of the present universe (Weinberg [20, 21]). High entropy per baryon 
and the remarkable degree of isotropy of the cosmic microwave background 
radiation suggests that one should analyze dissipative effects in cosmology. 
Moreover, there are several processes which are expected to give rise viscous 
effects. These are the decoupling of neutrinos during the radiation era and the 
decomposition of matter and radiation during the recombination era (Kolb and 
Turner [22]), decay of massive superstring models into massless models (Myung 
and Cho [23]), gravitational string production (Turok [24] and Barrow [25]) and 
particle creation effect in the grand unification era. Murphy [26] shown that 
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introduction of bulk viscosity can avoid the big bang singularity. Hence one should 
consider the presence of material distribution other than the perfect fluid to get 
realistic cosmological models (see Gron [27] for a review on cosmological models 
with bulk viscosity).  

To our knowledge none of the authors has studied the modified theory of 
general relativity for plane symmetric inhomogeneous space time in presence of 
mesonic viscous fluid. Hence in the present paper, we have studied the consistency 
of this theory to the case of a viscous fluid in presence of massless scalar field. The 
field equations are derived in section 2 and solved completely in section 3. In 
section 4 we have analysed the consequences of the results through different 
physical quantities involved in the solutions. The most important physical 
consequences are discussed in the concluding remarks in section 5. 

2. FIELD EQUATIONS 

Here we consider the space-time described by inhomogeneous and 
anisotropic metric of the form 

 ( )2 2 2 2 2 2 2 2d d d d d ,s D t A x B y z= − − +  (1) 

where A, B and D are functions of x and t only. 
 The Einstein-Barber’s field equations are given by 

 ( )11 8 ,
2

v m
ij ij ij ij ijG R Rg T T−≡ − = − πφ +  (2) 

and  

 □
8 ,

3
Tπλ

φ =  (3) 
where  

 ( )ρ ,v
ij i j ijT p u u pg= + −  (4) 

with  

 ; 3 ,i
ip p u p H= − η = − η  (5) 

and  

 
1
2

m k
ij i j ij kT v v g v v= −  (6) 

are respectively the energy-momentum tensors corresponding to viscous fluid and 
massless scalar field satisfying the Klein-Gordan wave equation 

 ; 0.ij ijg v =  (7) 
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Here , , , , ,ip p uρ η φ, □φ, ν, H and T are respectively the energy density, 
isotropic pressure, effective pressure, bulk viscous coefficient, four velocity vector 
of the fluid, Barber’s scalar, the invariant d’Alembertian, scalar meson field, 
Hubble parameter and trace of the energy momentum tensors of the distribution. In 
general, η  is a function of time and λ is the coupling constant to be determined 
from experiment where |λ| < 10-1. Hereafter, the semicolon(;) denotes covariant 
differentiation. Since the bulk viscous pressure represents only a small correction 
to the thermodynamical pressure, the inclusion of viscous term in the energy 
momentum tensor is a reasonable assumption which doesn’t change fundamentally 
the dynamics of the cosmic evolution. Using comoving coordinate system the set 
of field equations (2) and (3) for the metric (1) reduces to the following forms:  

 

2 2
1 1 4 4 1 4

442 2 2 2 2

2 2
1 1 41

2 2 2

2 1

8 . ,

DB D B D B B
B

DBD A B A D

v v
p

A D
−

  − − − − =     
  

= − πφ + +  
   

 (8) 

 
11 4 1 4

14 1 4
2 8 ,

B A D B
B

B A D
− − − = − πφ ν ν 

   (9) 

 

1 1 4 4 1 1 4 4
44 112 2 2 2

4 4 1 1
44 112 2

2 2
1 1 41

2 2 2

1 1

1

8 ,

DB D B D A B AA B
B B

D ABD A A B D
AA D DA D

AA DD
D AA D

v v
p

A D
−

   − − − − − +   
   

 + − − + = 
 

  
= − πφ + +  

   

 (10) 

 

2 2
1 1 4 4 1 4

112 2 2 2 2

2 2
1 1 41

2 2 2

2 1

8 ,

A B AA B B B
B

AA B D B A D

v v
A D

−

  − − + − =     
  

= − πφ ρ + +  
   

 (11) 

 

44 4 4 4 4 1 1 1 1 11
2 2 2 2

2 2
1 4
2 2

φ 2 φ 2 φ φ

8πλ ρ 3
3

A B D A B D
A B D A B DD D A A

v v
p

A D

   + + − + − − − =   
   

 
= − + − 

 

 (12)   
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The Klein-Gorden equation (7) for metric (1) yields 

 
44 4 4 4 4 1 1 1 1 11

2 2 2 2

2 2
0.

v A B D v A B D v v
A B D A B DD D A A

   + + − + − − − =   
     (13) 

Here and afterwards, the suffixes 1 and 4 after a field variable indicate partial 
differentiation with respect to x and t respectively. Now we find an 
underdetermined field equation system having six equations in seven unknowns 
viz. ρ, p , φ, ν, A, B and D. It is observed from above field equation system that 
the bulk viscosity coefficient η has not appeared in explicit form. For the 
specification of η, we assume the equation of state 

 p = γ ρ,    0 ≤ γ ≤ 1. (14) 

Here γ is called the adiabatic parameter. Assigning different values for γ, we can 
solve the field equations for different epochs.  

3. SOLUTIONS OF THE FILED EQUATIONS 

 In order to avoid the mathematical complexity due to inhomogeneity of the 
space-time and highly non-linearity of the field equation system, we consider some 
explicit solutions of the field equations which are physically important. Thus the 
metric functions A, B and D are of the following form (Davidson [28]): 

 
2 2 2(1 ) , (1 ) and (1 )a b dA t x B t x D xα β= + = + = + , (15) 

where  α, β, a, b and d are real constants.  
 Since Barber’s scalar field φ is function of time, we consider the scalar field ν 
to be the function of t only. Using the values of A, B and D from eq. (15) in  
eq. (13), we get 

 
4

44 0,
kv

v
t

+ =  (16) 

where   k = α+2β. 
On integration, eq. (16) reduces to  

 
1

1
2 ,

k 1

kk t
v k

− +

= +
− +  (17) 

where   ki,
  i = 1, 2 are constants of integration and k1 ≠ 0. In view of eq. (15) and 

(17), equations (8) – (12) yield: 
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( ) ( )2 2 2

1
2 2 2 2 2 2 2 2 2 2

3 2 4 2 4
8 ,

(1 ) (1 ) (1 )d a k d

b d b x k
p

t x t x t kα +

 β − β + π − φ + = − π
+ + +  

 (18) 

 ( ) 0,d b bβ − + α =  (19) 

 
( ){ } ( )2 2

1
2 2 2 2 2 2 2 2 2 2

4 3 2 1 1 2 4
8 ,

(1 ) (1 ) (1 )a d k d

b b a x k
t x t x t kα +

 − − + β α + β π − φ + = − πρ
+ + +  

 (20) 

and  

 
( )

( )
2

1
44 4 2 2 2 22

2 1 8. 3 .
3 (1 )1

d k d

k
p

t t xx

 α + β  πλ
φ + φ = ρ − −   +   + 

 (21) 

Now corresponding to the eq. (19), we have two sets of solutions i.e.  

Case 1: When b = 0, d = 0, 

 α = β = r(say). (22) 

Using the values from eq. (22), eq. (18) and (20) yield 

 
( )2 2

1
2 6

2 3 41 ,
8 r

r r k
p

t t

 − φ π − =
π   

 (23) 

 
22

1
2 6

41 3 .
8 r

kr
t t

 π
φ − = ρ π  

     (24) 

Again, using equations (22), (23) and (24) in eq. (21),we obtain 

 
2 2

44 43 0,t rt mφ + φ − φ =  (25) 

where  2 2 (2 1).m r r= λ −  
Solving eq. (25), we get two basic solutions for φ i.e. 

 
1

1 1φ mc t=  and  
2

2 2φ mc t=            (26a,b) 

where  c1, c2 are integration constants and m1, m2 are given by  

 
( ) ( ) ( )2

1

1 3 1 9 16λ 2 3 4λ
,

2

r r r
m

− + + + − +
=  
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( ) ( ) ( )2

2

1 3 1 9 16λ 2 3 4λ
.

2

r r r
m

− − + + − +
=  

The first solution given in eq. (26a) is not acceptable as the theory does not 
lead to Einstein’s theory when λ → 0. Thus the second solution given in (26b) is 
only acceptable. Using (26b) in eq. (23) and (24), we get the effective pressure and 
density as:  

 2

2 2
2 1

2 6

(2 3 )
,

28 m r

c r r k
p

tt −

−
= −

π  (27) 

 2

2 2
2 1
2 6

3
.

28 m r

c r k
tt −

ρ = −
π  (28) 

Using eqs. (28) in eq. (14), we obtain 

 2

2 2
2 1
2 6

3
.

28 m r

c r k
p

tt −

 
= γ − π 

 (29) 

In view of eqs. (15), (27) and (29), eq. (5) yields
 

 
( ) ( )

2

2 2
2 2 1

2 6

3 ( 1) 2 (1 )
.

3 3 28 m r

p p t p t c r c r k
r r tt −

− γρ −  γ + − − γ
η = = = + π 

 (30) 

Thus the geometry of the space time (1) corresponding to solutions (26b) and 
(27) – (30) can be written as 

 ( ) ( )22 2 2 r 2 2 2 2 2d d 1 d d d
a rs t t x x t y z= − + − + .        (31) 

The model obtained in (31) is the plane symmetric inhomogeneous mesonic 
viscous fluid model in second self creation theory. It is interesting to see that when 
a = 0 then the model [31] reduces to Einstein – de-Sitter universe. 

Case II: When b = 0, d = 0, 

 α = – 2β+1. (32) 

Substitution of the value of “α “from (32) in equation (16), we get 

 
4

44 0.
v

v
t

+ =         (33) 

On integration, equation (33) yields 
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 3 4ln ,v k t k= +  (34) 

where ki, i = 3, 4 are constants of integration and k3 ≠ 0.  
Using rel. (32) in eq. (18), (20) and (21), we obtain 

 
( ) 2

1
2 2

2 3 φ
,

8π 2
k

p
t t

β − β
= ρ = −        (35) 

and 

 
2

4 1
44 2

φ 8πλ ρ 3 .
3

k
p

t t
 

φ + = − − 
 

       (36) 

In view of eq. (35), eq. (36) gives 

 ( )2 2
44 4

2λφ φ 2 3 φ 0.
3

t t+ + β − β =   (37) 

On integration, eq. (37) yields 

 
3 4

3 4φ ,m mc t c t= +            (38) 

where c3, c4 are constants of integration and 

 ( )3
2λ 3 2 ,

3
m β

= β −   

 ( )4
2λ 3 2 .

3
m β

= − β −  

With the use of equation (38), equation (35) reduces to 

 

( ) ( )3 4

2
1

3 42 2

2 3
8π 2

m m k
p c t c t

t t
− β

= ρ = + − . (39) 

Using eq. (39) in eq. (14), we get 

 

( ) ( )3 4

2
1

3 42 2

2 3
.

8π 2
m m k

p c t c t
t t

 − β
= γ + − 

  
  (40) 

Now using equations (15), (39) and (40) in equation (5), we obtain  

 ( )3 4

22
3

3 4
(2 3 )( 1) ( 1) .

8 2
m m k

t c t c t
t t

 β − β
η = γ − ρ = γ − + − π 

 (41) 
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Therefore the model of the universe is described by the space time (1) as 

 ( ) ( )22 2 4 2 2 2 2 2 2d d 1 d d d .
a

s t t x x t y z− β+ β= − + − +  (42) 
As in Case 1, here also it is interesting to note that when a = 0 and β = 1/3, 

the model (42) reduces to Einstein – de-Sitter Universe.  

4. SOME PHYSICAL AND GEOMETRIC PROPERTIES  
OF THE MODELS 

The physical parameters , ,p pρ  and η involved in the models (31) and (42) 
are given by equations (27) to (30) and (39) to (41) respectively. The Barbers 
scalar φ for the models (31) and (42) are given by (26b) and (38) respectively.                   

If η = 0 then .p p=  Thus the results in this case reduce to that of found 
earlier by Sahu and Mohanty [19]. Again if ν = a constant and φ = 1 then the results 
reduce to that of already obtained by Pradhan et al. [29].  

Moreover, if ν = a constant, η = 0 and φ = 1 then the result to be obtained are 
same as with results found earlier by Pradhan et al. [30]. 

It is interesting to see that when λ→0, φ→ some constant (in both the cases). 
Hence Barber’s second theory leads to Einstein’s theory.     

4.1. ENERGY CONDITIONS FOR VISCOUS FLUID 

 The strong, weak and dominant energy condition i.e. 3 0, 0pρ + ≥ ρ ≥  and 
0,pρ + ≥  are given by in model 1 as  

 2

2
2 1

2 6

3 (1 ) 2
3 ,

4 m r

c r r k
p

tt −

−
ρ + = −

π  

 2

2 2
2 1
2 6

3
,

8 m r

c r k
tt −

ρ = −
π  

 2

2
2 1
2 6 .

4 m r

c r k
p

tt −
ρ + = −

π  

In model 2, we have  

 ( )3 4

2
1

3 42 2

(2 3 )3 ,
2 2

m m k
p c t c t

t t
− β β

ρ + = + −
π  
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 ( )3 4

2
1

3 42 2

(2 3 ) ,
8 2

m m k
c t c t

t t
− β β

ρ = + −
π  

 ( )3 4

2
1

3 42 2

(2 3 ) .
4 2

m m k
p c t c t

t t
− β β

ρ + = + −
π  

 In case of model 1, the strong energy condition is satisfied when r ≠ 0, 1. The 
weak energy condition is satisfied when r ≠ 0 and c2 > 0. The dominant energy 
condition is also satisfied when r ≠ 0 or when c2 and r are of opposite sign.  
 If t →0, then ρ and p both are indetermined subject to restriction m2 < 2, but 
ρ, p →∞ each subject to the condition m2 > 2.  
 Again as t→∞, ρ and p →0 each subject to the condition m2 < 2 and r > 0. 
 In case of model 2, we have p  = ρ→∞ as t → 0 and p  = ρ → 0 as t → ∞. 
Thus the result shows the presence of big-bang singularity at initial epoch. 
 The strong energy condition in case of model 2 is satisfied only when β < 2/3. 
The other energy condition i.e. weak and dominant are also satisfied when β < 2/3. 

4.2. BULK VISCOUS COEFFICIENT η  

 In both the models the bulk viscous coefficient η → 0 when t → 0 provided 
that r ≠ 0 in case 1 and η → ∞ when t → ∞ provided γ ≠ 1 in case 2. From above 
result, we observe the presence of big-bang singularity. 

4.3. EXPANSION SCALAR 

 The values of expansion scaler ;
i
iuθ =  in model 1 and 2 are given by 3r

t
θ =  

and 1
t

θ =  respectively. Thus in both the cases we have θ → 0 as t → ∞ and 

θ → ∞ as t → 0. It is evident from the above result that the models start expanding 
with a big-bang at t = 0 and the expansion in the models decreases as time 
increases. However, the expansion stops at infinite future or for the case r = 0. 

4.4. HUBBLE PARAMETER H 

 The Hubble’s parameter H in both the models are found as rH
t

=  and 

1
3

H
t

=  respectively. Thus H is a function of t and hence we concluded that the 

models are not of steady-state.  
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4.5. SHEAR SCALAR σ 

 The anisotropy (Raychoudhuri [31]) defined by 

 

2 2 2
11,4 22,4 22,4 33,4 33,4 11,42

11 22 22 33 33 11

1
12

g g g g g g
g g g g g g

      
 σ = − + − + −     
       

 

for models (31) and (42) yield σ = 0 and 
2 1 3.
3 t

− β σ =  
 

 respectively. 

 In first case, the model clearly approaches to isotropy as σ = 0 and 

lim 0.
t→∞

σ
=

θ
 But in second case, the model does not approaches to isotropy as σ ≠ 0 

and lim 0.
t→∞

σ
≠

θ
 Thus in case of second model the anisotropy exists through out 

the evolution. Since 2

0
lim
t→

σ = ∞  and 2lim 0
t→∞

σ =  (subject to restriction 1/ 3β ≠ ), 
the shape of the universe changes uniformly in x and y direction only. But the rate 
of change of the shape of universe becomes slow with increase of time. Also it is 
clear that there is a real physical singularity in the model at t = 0. The present upper 

limit for 310−σ
=

θ
, obtained from indirect arguments concerned to the isotropy of 

primordial black body radiation (Collins et al., [32]). In case 1, we see that 0σ
=

θ
, 

which satisfies the inequality. But in case 2, we observe that 310−σ
<

θ
, provided 

61 1 .10 .
3 2

−β > −  Hence the models found here can be applied to all stages of the 

evolution of the universe. 

4.6. EINSTEIN SPACE 
A space-time is said to be an Einstein space if it holds the property 

.
4ij ij
RR g=  But here, the space-time does not satisfy the above property and 

hence not an Einstein space. 

4.7. MASSLESS SCALAR FILED v 

The massless scaler field v for model (31) and (42) are found respectively as 
1

23 1

1.
1 3 r

k
k

r t −
ν = +

−
 and 3 4ln .k t kν = +  
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 It is evident from above that ν is a function of cosmic time in both the cases. 
However in case 1, ν is not defined for 1

3r = . But when 1
3r < , ν is 

increasing function of time and when 1
3r > , ν is decreasing function of time. In 

case 1, we see that as t → 0, ν → ∞ and as t → ∞, ν → a constant. But in case 2, 
we find that as t → 0, v →∞ and as t → ∞, ν → ∞. These results show that the 
presence of big-bang singularity. 
 The energy density associated with the massless scaler field ν is given as 

(Anderson [33]) as ( )2 2 2
4

1 ,
2

v m vε = + where m = 0. 

 Thus from eqs. (17) and (34), we have 
2

1
22 k

k
t

ε =  and 
2
3

2 .
2
k
t

ε =   

 From above results, we observe that the energy density ε of the massless 
scaler field decreases with time (in both the cases) at faster rate than scalar field ν. 
For physically acceptable mesonic field, we have ε > 0. This situation leads to k1 
and k3 which are both +ve or both –ve real constants. 

4.8. THE PARAMETER γ 

For realistic and physical situations, it is required that ρ ≥ p ≥ 0, which yields 
restrictions on the parameter γ i.e. 0 ≤ γ ≤ 1.  

Case 1 
C If γ = 0 then eq. (29) reduces to p = 0. Thus corresponding to eq. (28) and 

(29) the model (31) leads to dust filled universe.  
C If γ = 1 then from eq. (28) and (29) we have p = ρ and in this case the 

model (31) reduces to stiff fluid filled universe.  
C If γ = 1

3  then eq. (28) and (29) lead to ρ = 3p and the model (31) reduces 

to radiating universe. 

Case 2 
C If γ = 0 then p = 0, p = ρ = - .η  In this case the model (42) reduces to dust 

dominated universe.  
C If γ = 1/3 then ρ = 3p= p and hence the model (42) turns to radiating 

universe. 
C If γ = 1 then we have p = p = ρ andη = 0. Thus in this case the results 

reduces to that of obtained by Sahu and Mohanty [19].  
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5. CONCLUSION 

 In this paper, we have described the plane symmetric space-time in modified 
theory of general relativity in the presence of mesonic viscous fluid as the source 
matter. The models found by using “gamma-law” equation of state are discussed. 
 The effect of bulk viscosity is to introduce a change in the perfect fluid 
models. Thus bulk viscosity exhibit essential influence on the character of the 
solution. We observe from the models found in section 3 that Murphy’s conclusion 
(Murphy, [26]) about the absence of big-bang singularity in the infinite past or at 
initial epoch in models with bulk viscous fluid, is not true in general. 
 The models found in section 3 are not of steady state but of expanding in 
nature. The models start expanding with a big-bang at initial epoch and the 
expansion stops at infinite future. Further, the first model is of isotropic in nature 
while second model is of anisotropic in nature through out the evolution. In case of 
second model the shape of the universe changes uniformly in X and Y direction but 
the rate of change becomes slow as time increases. Moreover, the space-time 
considered here is not an Einstein space. The models found in this paper can be 
applied to all the stages of the evolution of the universe.  
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